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Abstract 

>C^-Courant algebroids and their applications. 

David Scott Li-Bland 
Doctor of Philosophy 
Graduate Department of Mathematics 
University of Toronto 
2012 

In this thesis we develop the notion of >C^-Courant algebroids, the infinitesimal analogue 
of multiplicative Courant algebroids. Specific applications include the integration of q- 
Poisson (D,5)-structures, and the reduction of Courant algebroids. We also introduce the 
notion of pseudo-Dirac structures, (possibly non-Lagrangian) subbundles 1^ C E of a 
Courant algebroid such that the Courant bracket endows W naturally with the structure 
of a Lie algebroid. Specific examples of pseudo-Dirac structures arise in the theory of 
q-Poisson (0, 0)-structures. 
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Chapter 1 
Introduction 



1.0.1 A brief history 



Courant algebroids and Dirac structures were first introduced by Courant 28 30 



metric framework for Dirac's theory of Hamiltonian systems witli constraints 34 
original setup was generalized in 



69 



as a geo- 
Courant's 



as a means of constructing doubles for Lie bial- 
gebroids. Courant algebroids have now found many uses, from the theory of moment 
maps [2|[l4|,[l6|[l7||129 to generahzed complex geometry 46 , 50 . 



The Dirac bracket 

We shall go into some more detail. In Hamiltonian mechanics, the phase space - the 
space of all possible states of a physical system - is described by a smooth manifold 
M. Smooth functions / G C°°(M) on the phase space describe various quantities one 
might wish to measure, such as energy, position, or momentum. Additionally, M carries 
a Poisson structure: a bivector field tt G j£^(M), such that the bracket 

{f,g}:=7:{df,dg), f,geC^{M) 

endows the vector space C°°(M) with the structure of a Lie algebra. 

Noether's first theorem - that conserved quantities correspond to symmetries - arises 
as follows: the Poisson structure associates to any function / G C°°(M) (a conserved 
quantity) the vector field 

Xf:= {g-^{f,g})eX{M) 

(describing the corresponding symmetry of phase space). 

Introducing constraints on this system corresponds to describing a submanifold S C 
M. Ideally, one would like the Poisson bracket {■, ■} on C°°(M) to descend to a bracket 
{■, -js on C°°(S') so that the restriction of functions to S* is a morphism of Lie algebras, 
i.e. 

{ef,i*g}s = i*{f,g], f,geC^iM), 

where z : 5 — M is the inclusion. Unfortunately, this is impossible in general, since the 
vanishing ideal Z{S) C C°°(M) of S* C M might not be a Lie algebra ideal. Equivalently, 
for an arbitrary function c G Z{S), the vector field 

Xe:={c,-} gX(M) 



1 
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Figure 1.1 ~ For functions c, c' G Z(S) vanishing on the submanifold S Q M, the 
Hamiltonian vector fields Xc\s and X^'ls may not be tangent to 5. D CI TM is 
the distribution spanned by the restriction of all such vector fields to S. 



might not vanish when restricted to 5* (nor even be tangent to 5*). 

Let D C TM\s be the distribution spanned by the vector fields X^s for c G Z{S) 



(see Fig. 1.1). A function / G C°^{S) is called admissible if 

v-f = 

for any vector f G -D fl TS. Similarly, a function / G C°°(M) is called an admissible 
extension of f if 

^*f = f 

and 

vf = 

for any vector v E D. Dirac showed that there exists a Lie bracket {-j-juB (called the 
Dirac bracket) on the subspace C^^{S) of admissible functions such that 

{f,9}DB = {i*f,t*~g}DB = i*{f,~g} (1.0.1) 

for any admissible extensions f,gE C°°{M) of f,g E C^^{S). 

Remark 1.0.1. One may interpret the distribution D fl TS as describing some gauge 
transformations of the physical system: When D fl TS is of constant rank, then it is 
involutive, and thus, by Frobenius's theorem, defines a foliation. The admissible functions 
can then be interpreted as the algebra of functions on the leaf space. 

Courant algebroids 



In 1986 Courant 28,30 described a geometric framework for Dirac's theory of con- 
strained Hamiltonian mechanics, which we shall briefly summarize. The Pontryagin 
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bundle TM := TM ©T*M carries a split signature metric defined by the natural paring 

((f , /i), {w, u)) := n{w) + u{v), {v, /i), {w, u) G TM. 

Courant's insight was to consider Lagrangian subbundles of the Pontryagin bundle (i.e. 
L G TM such that L"*- = L), replacing the Poisson bivector field vr G X^(M) with its 
graph 

gr(7r«) := {(X, a) G TM © T*M | X = 7r(a, ■)}• 

He described a bracket, which is usually referred to as the Courant bracket in the litera- 
ture]^ 

= {[X,Y],Cx(3-iYda) (1.0.2) 

on the space of sections r(TM), and showed that this bracket restricts to a Lie bracket 
on r(gr(7r'')). A Dirac structure is defined to be an arbitrary Lagrangian subbundle 
L C TM which is involutive with respect the Courant bracket. A function / G C°°{M) 
is called admissible (with respect to L) if 

dflLnTM = 0. 

Courant showed that the space C*^„(M) of admissible functions carries a well defined 
Lie bracket, 

{f,g}L:=Xfg (1.0.3) 
where X G X{M) is any vector field such that 

(X^,rf/)Gr(L). 

One of the key aspects of Courant's framework is the ability to impose constraints on 
a Dirac structure. More precisely, he described a procedure to restric^a Dirac structure 
L C TM to a submanifold S C M, 

{L C TM) ^ {Ls C TS), (1.0.4) 

where C TS is computed by the formula 

^ _ LOTS ®T*M\s 



L n ann(T5) 



C TS. (1.0.5) 



Courant showed that Eq. (1.0.5) describes a Dirac structure (under some cleanness 
assumptions). In particular, when L = gr(7r'*) arises from a Poisson structure, then 
Courant's bracket between admissible functions, defined by Eq. (1.0.3) for the Dirac 
structure 

gr(7r») n ann(T5) 



^In fact, this bracket was introduced by Irene Dorfman in the context of two dimensional variational 
problems 35 . Courant worked with its skew symmetrization instead. 



^Courant calls this procedure reduction in 28 . We refer to it as restriction (as is also done in 56 



for instance) or pull-back (as is done in 64 , for instance) to distinguish it from more general reduction 
procedures. 
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coincides with Dirac's bracket (1.0.1). 



Courant's setup was generalized by Liu, Weinstein and Xu 69 , who defined abstract 



Courant algebroids as a vector bundle E — > M (replacing the Pontryagin bundle TM) 
carrying a fibrewise metric, 

(-,■): E(g)E ^ M X M, 
together with a bilinear bracket called the Courant bracket, 



: rCE) X rfE) 



rCE) 



satisfying certain axioms. Dirac structures are defined to be Lagrangian subbundles 
E (IK which are involutive with respect to the Courant bracket. 

As in Courant's original setup, there is a restriction procedure: Given a submanifold 
S C M, one may restrict both Courant algebroids E — )■ M, 




\ 



( 



E5 

i 
S 



\ 



and their Dirac structures C E, 



(ECE) ^ (^sCEs). 



generalizing Courant's original restriction procedure ( |1.0.4 ) (see 64, Section 2.4.2] for 
details). 

Even more generally, restriction to a submanifold can be seen as a special case of 
composing a Dirac structure ii^ C E with certain linear relations i? : E F between two 
Courant algebroids, called Courant relations. (Important examples of composing Dirac 
structures with Courant relations are called forward and backward Dirac maps |2,16-19 
We shall review all this in more detail in Chapter pj) 



1.0.2 Multiplicative Courant algebroids, and their infinitesimal 
versions £^-Courant algebroids 

In the early 80's Drinfel'd developed the theory of Lie groups carrying compatible Pois- 
son structures |36j, and showed that these Poisson Lie groups integrate Lie bialgebras. 
Shortly thereafter, it was noticed independently by Karasev and Weinstein [59l 123] 



that Lie groupoids can carry non-degenerate Poisson structures (symplectic structures), 
and that these symplectic groupoids integrate Poisson manifolds. Since then, many fur- 
ther examples of multiplicative Hamiltonian structures on Lie groupoids have appeared, 
such as Poisson groupoids, twisted symplectic groupoids, quasi-symplectic groupoids 
etc. [I6|[22|[53l[66| p4l[l29] . These have found applications to quantization |23)|24)|47)|l23 



reduction and symmetries of Hamiltonian systems 71[ 89[ 107[ 129 
lence |20)[l26)[l^[T29| , among others. 



and Morita equiva- 



Since Dirac structures provide a unified framework for these various Hamiltonian 
structures, it was natural to investigate multiplicative Dirac structures and Courant 
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algebroids on Lie groupoids, as was first done in 16 , 53 , 129| (though general definitions 
did not appear until |66|[87|[93]). In this thesis, we develop £^-Courant algebroids, 
the infinitesimal version of multiplicative Courant algebroids. (Note that infinitesimal 
versions of multiplicative Courant algebroids and Dirac structures were already studied 
in [66|[86}|93] , but always using the language of supergeometry) . 

In more detail, an £^-Courant algebroid consists of a Courant algebroid A — )■ A such 
that A also has the structure of a Lie algebroid A V over a different base space V. 
The Lie algebroid and Courant algebroid structures must be compatible in an appropriate 
sense. In particular A is the total space of a double vector bundle 




(a concept due to Pradines [97|). Dirac structures L C A which are also subbundles of 
the vector bundle A ^ V are called VS-Dirac structures. They are called £^-Dirac 
structures if they are also Lie subalgebroids of A V. 

As a first example, if E is any Courant algebroid, then its tangent bundle 



TE 



TM 



E 



M 



is canonically an £^-Courant algebroid, called the tangent prolongation of E. This 
example was first studied by Courant |29j for the special case where E = TM. Later, it 
was studied in full generality by Boumaiza and Zaalani 

£^-Courant algebroids have a variety of applications, and we describe two main appli- 
cations in this thesis: reduction, and integration. We shall summarize these applications 
later in the introduction, after first describing pseudo-Dirac structures. 



1.0.3 pseudo-Dirac structures 



In general, the Courant bracket (1.0.2) does not define a Lie bracket on the sections 
of TM, since it fails to be skew symmetric. In order to obtain a Lie bracket from the 
Courant bracket, Courant restricted the bracket to sections of Lagrangian subbundles 
L C TM, which ensures skew symmetry of the bracket. In this thesis, we will take a 
different approach to obtain a Lie bracket from the Courant bracket: we modify the 
Courant bracket itself. 

In Chapter |4] we introduce the notion of a pseudo-Dirac structure in the Courant 
algebroid TM: a subbundle 

W CTM 
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together with a map 

V : n'^{M,w) n\M, W*) 

satisfying certain axioms, including 

Vfcr = fVcr + df^{a,-), a G r(l^), 

d{a, t) = (Va, r) + {a, Vr), a,T E T{W). 



(1.0.6a) 
^1.0.6b) 



Since Eqs. 1.0.6 reduce to the definition of a metric connection when {■,-)\w is non- 



degenerate, we call V a pseudo-connection. Equation (1.0.6b) guarantees that the mod- 
ification to the Courant bracket, given by 



[cj,t] := |a,rl-a*(Va,r), 



1.0.7) 



is skew symmetric. More importantly, in Theorem 4.1.11 we prove that Eq. (1.0.7) endows 



W with the structure of a Lie algebroid (a concept due to Pradines [95]). In particular, 
the sections of W form a Lie algebra. 



Proposition |4.1.1| states that subbundles of TM endowed with a pseudo-connection 
are in one-to-one correspondence with Lagrangian double vector subbundles of the CA- 
Courant algebroid 

TTM > TM 



TM 



M 



Thus it is quite natural to study them. Similarly, pseudo-Dirac structures in TM are in 
one-to-one correspondence with Vi3-Dirac structures in TTM. 

As a consequence, it is easy to impose constraints on a pseudo-Dirac structure in TM: 
Suppose that S* C M is the constraint submanifold. Courant's restriction procedure 



(1.0.4) allows us to restrict VS-Dirac structures of TTM to V-B-Dirac structure of TTS: 



V-B-Dirac struc- 
tures in TTM 



Courant's restriction 



Vi3-Dirac struc- 
tures in TTS" 



procedure (1.0.4) 



Composing this restriction procedure with the equivalence between VS-Dirac structures 
in TTM and pseudo-Dirac structures in TM allows us to impose constraints on pseudo- 
Dirac structures in TM: 



pseudo-Dirac 
structures in TM 



restriction proce- 
dure for pseudo- 
Dirac structures 



pseudo-Dirac 
structures in TS 



VS-Dirac struc- 
tures in TTM 



Courant's restriction 
procedure (1.0.4) 



Vi3-Dirac struc- 
tures in TTS 
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Finally, there are many examples of pseudo-Dirac structures, to list a few: 

• Dirac structures, 

• Lie algebroid structures on T*M, 

• Lie subalgebras of a quadratic Lie algebra. 



action Courant algebroids, as introduced by Meinrenken and the author 64 



• quasi-Poisson structures on M, in the sense of Alekseev and Kosmann-Schwarzbach 

• etc. 

In particular, the concept of pseudo-Dirac structures allows us to unify the treatment 
of Poisson and q-Poisson structures on a manifold M: Both correspond to a pseudo-Dirac 
structure whose underlying bundle is W = gr(a) C TM where a : T*M — > TM is the 
anchor map for a Lie algebroid structure on T*M. 



1.0.4 Applications 

Reduction of Courant algebroids 

Roughly speaking, reduction is the process of reducing the dimensions of a physical sys- 
tem (a Poisson structure, a Courant algebroid, etc.) through a combination of imposing 
constraints and quotienting out symmetries. In Section we will present a novel ap- 
proach to reducing Courant algebroids in terms of £^-Dirac and Vi3-Dirac structures. 
Our framework is quite general, encompassing many known reduction procedures. How- 
ever, to provide the reader with some context, we shall first summarize Marsden and 
Ratiu's reduction procedure for Poisson structures 83 , before summarizing our approach 
to the reduction of Courant algebroids. 

Remark 1.0.2. There are many interesting reduction procedures for both Poisson struc- 

and the references therein) and Courant algebroids 
and the references therein). Regret- 



tures (see 
(see |12|[13 



21 



41 



25,26,40,70,77,83,89,124 



51,52,56,58,84 



114 



117 130 



tably, we will not have space to discuss all these treatments here. 

Let M be a Poisson manifold. Constraints are described by a submanifold S C M, 
while symmetries are described by a collection of vector fields on S which are closed 
under the Lie bracket and which (we assume to) span a subbundle 

F CTS C TM\s. 

Equivalently, F C TM is a sub Lie algebroid. By Frobenius's theorem, F arises from a 



foliation of S by maximal integral submanifolds, as pictured in Fig. 1.2 



Suppose that N is the leaf space of the foliation, that is there is a surjective submersion 
(p : S ^ N, such that F = ker((i0). A function / G C°^(M) is said to extend a function 
/ e C^{N) if 

07 = ^7~, 
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(a) A foliation of the submanifold 
SQM. F CTS is the subbundle 
tangent to the fohation. 




(b) N is the leaf space of the foli- 
ation and <j> : S ~^ N the natural 
projection. 



Figure 1.2 - The submanifold S M describes constraints on the physical system, 
while vector fields tangent to the foliation describe symmetries. 

where i : S ^ N is the inclusion. If there exists a Poisson structure on N such that 



<P*{f,9} = ^*{fr9} 

for any functions f,gE C°°{N) and extensions f,gEC° 
on M is said to reduce to a Poisson structure on A^. 



(1.0.8) 

'(M), then the Poisson structure 



As explained by Courant and Sanchez de Alvarez 29 , 103 , the Poisson structure on 



M induces a Poisson structure on TM for which the equation 

{df,dg} = d{f,g} 

is satisfied for any functions f,g& C°° (M) (where we interpret 1-forms on M as linear 
functions on TM). This tangent prolongation of the Poisson structure is very relevant 
to reduction. Indeed, |40| Remark 2.2] implies the following theorem: 



Theorem (Coisotropic Reductior|j). Let M be a Poisson manifold, S M a subman- 
ifold, and F C TS a regular foliation with leaf space N. The Poisson structure on M 
reduces to a Poisson structure on N if and only if F C TM is coisotropic^ 



We will refer this this reduction procedure as coisotropic reduction, since Eq. (1.0.8) 
holds if and only if the composition R : M <--- S --"^ N of relations is coisotropic |124 
Proposition (2.3.3)]. As explained by Weinstein [124J , coisotropic reduction fits snugly 
within the framework of coisotropic calculus. Unfortunately, it is not broad enough to 
encompass certain important examples of reduction. For instance, if the Poisson structure 
on M is non-degenerate and S" C M is a symplectic submanifold, then S inherits a Poisson 



structure via the Dirac bracket. The definition of the Dirac bracket (1.0.1 ) is structurally 



■^This is a special case of r esult s found in 
^As defined by Weinstein 



124 



40 



69 



124 



a submanifold C C M of a Poisson manifold is called coisotropic if 



the ideal Z{C) C C°°{M) of functions vanishing on C is closed under the Poisson bracket. 
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(a) D C TM\s 




(b) F ^ DnTS is required 
to be involutive. 




(c) N is the leaf space of 
the foUation corresponding 
to F ^ D nTS, and (jj : 
S* — > iV the natural projec- 
tion. 



Figure 1.3 - The subbundle D C TM\s of the ambient tangent space controls 
how functions on S are extended to M 



the same as that of the reduced Poisson bracket (1.0.8) described above (with (j) : S ^ S 
the identity map), except that it must be calculated via admissible extensions of the 
functions f,gE C°°{S), rather than arbitrary extensions. 

To incorporate examples such as this, Marsden and Ratiijj^ considered a subbundle 



D C TM\s, as in Fig. 1.3, whose role is to prescribe how one extends functions on S 
to all of M. They assume F = D (1 TS is a constant rank involutive subbundle arising 
from a regular foliation. Let denote the corresponding leaf space, and (p : S ^ N the 
quotient map. A function / G C°°{M) is called an admissible extension of / G C°°{N) if 

0V = ^*f. 

If there is a Poisson structure on so that 

<l>*{f,9} = ^*{fr9} (1.0.9) 
for any functions f,g & C°^(A^) and any admissible extensions f,g& C°°{M), then the 



triple {M,N,D) is said to be reducible [83j. Assuming D ^ 0, 40, Remark 2.2] allows 



us to rephrase Marsden and Ratiu's reduction theorem [83] as follows: 

Theorem (Marsden- Ratiu Reduction). Let M be a Poisson manifold, S ^ M a sub- 
manifold, and D C TM\s a non trivial subbundle such that F = D (1 TS is a regular 
foliation with leaf space N. The triple (M, A^, D) is reducible if and only if D ^ TM is 
coisotropic. 

Summarizing, we have the following table: 



^Marsden and Ratiu's reduction procedure 



83 



predates coisotropic reduction 



124 
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Reduction Proce- 
dure 


Reduction Data 


Reduction Requirements 


Coisotropic 
Reduction 


A Lie subalgebroid F C TM 


F C TM is coisotropic 


Marsden-Ratiu 
Reduction 


A subbundle D C TM\s such that Dr\TS <Z 
TS is a Lie subalgebroid 


D C TM is coisotropic 



Having described the reduction procedures for Poisson structures, we now summarize 
the main features of our reduction procedure for Courant algebroids. More details will 



be given in Section QA_ Our reduction procedure for a Courant algebroid E is formulated 
in terms of double vector subbundles of the tangent prolongation of E: 




We give sufficient conditions on L for the quotient vector bundle 

F := W/{L n TW) 



N-= S/{DnTS) 



to inherit the structure of a Courant algebroid, which we summarize in the following 
table: 



Reduction Proce- 
dure 


Reduction Data 


Reduction Requirements 


Coisotropic-typ e 
Reduction 


A double vector subbundle L C TE which is 
also a Lie subalgebroid 


L C TE is a Dirac struc- 
ture (with support) 


Marsden-Ratiu- 
type Reduction 


A double vector subbundle L C TE such 
that L n TW C TW is a Lie subalgebroid 


L C TE is a Dirac struc- 
ture (with support) 



Remark L0.3. There is a clear similarity between the two tables above which summarize 
the reduction procedures for Poisson manifolds and Courant algebroids, respectively. In 
fact, one could obtain the second table from the first by using Severa's dictionary to 
translate between Poisson manifolds and Courant algebroids |,110j: 



Poisson manifold < — ^ ^ — - — > Courant algebroid 



Coisotropic submanifold 



Dirac structure (with support) 
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Integration of q-Poisson structures 

Roughly speaking, integration is the process of concatenating an infinite string of in- 
finitesimal symmetries to yield a definite symmetry: for example, passing from a Lie 
algebra to the corresponding simply connected Lie group. 

One of the earliest examples of a Lie algebra is the ring of functions C°°(M) on a 
Poisson manifold M. Unfortunately, C°°{M) is generally infinite dimensional, complicat- 



ing integration. Nevertheless, Karasev and Weinstein 59 , 123 independently discovered 
that there are finite dimensional objects, called symplectic groupoids, which integrate 
Poisson structures in an appropriate sense: 

Let M be a Poisson manifold and vr G X^(M) the corresponding bivector field. The 
space of 1-forms, Q^{M), carries the Lie bracket 

[a, (3] = dTr{a, (3) + L„tad(3 — L-^ipda^ a,/3 G il^{M) 



called the Koszul bracket 62 . With this bracket on its sections, the cotangent bundle 



T*M becomes a Lie algebroid. Lie algebroids are a concept due to Pradines, who proved 



that they integrate to local Lie groupoids 94 96 . Suppose that K is a. (local) Lie 
groupoid integrating T*M. The canonical symplectic structure on T*M is compatible 
with the Lie algebroid structure. Using this fact, Mackenzie and Xu showed it induces a 



symplectic structure on K, which is compatible with the multiplication 82, 123 . 

q- Poisson structures were introduced by Alekseev and Kosmann-Schwarzbach [3], as 
a generalization of Poisson structures which could describe new examples of Lie group 
valued moment maps (4|[5]. Let D he a quadratic Lie algebra and C c) a Lie subalgebra 
which is equal to its orthogonal complement, q = q^. A q-Poisson (0,0) structure on a 
manifold M consists of 

• an action of g on M, determined by a map p : g x M — TM, and 

• a bivector field vr G X^(M) 

satisfying certain axioms. 
Consider the bracket 

{f,g} = n{df,dg), f,ge C^{M), (1.0.10) 

which does not generally satisfy the Jacobi identity. One says that a function / G C°°{M) 
is admissible if it is g-invariant. Alekseev and Kosmann-Schwarzbach f3] prove that 



(1.0.10) defines a Lie bracket on the space C^^(M) of admissible functions. 

q-Poisson (0, 0)-structures are most interesting when there exists a Lie subalgebra 
f) C ^ such that d = © f) as a vector space. Two special cases are when f) C c) is 
Lagrangian (i.e. f) = f)-*-), or when f) C is a quadratic ideal (i.e. f) fl f)-*- = 0). In both 
cases, interesting things happen: 
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[) C ^ is Lagrangian. 


t) C IS a quadratic ideal. 


The triple {d, q, f)) is a Manin triple [37j, and 
is a Lie bialgebra. 


[) = and D = © 0, with embedded diag- 
onally and f) embedded as the second factor. 


Eq. ( 
M. 


1.0.10 


) defines a Poisson structure on 




While 71 e X^(M) is not g invariant, the ac- 
tion of g on M is a infinitesimal Poisson ac- 
tion 71 , 72 . 


TT G j£^(M) is 0-invariant. 



Moreover, when f) C ^ is Lagrangian, there is a known integration procedure due to 
Xu 128 . Meanwhile when f) C () is an ideal and f) H f)-*" =0, there is a known integration 
procedure due to Severa and the author ^66]. As a first step, both integration procedures 
take advantage of a Lie algebroid morphism : T*M — )■ [), constructed as follows: 

The dual of the action map p : x M — )■ TM is a map T*M — )■ 0* x M. Composing 
this with the projection to the first factor defines a map T*M — )■ 0*. After identifying 
0* = P) via the quadratic form on we obtain the map 

p : T*M \). 

We outline the properties of p in the table below. 



f) C ^ is Lagrangian. 


f) C is a quadratic ideal. 


T*M is a Lie bialgebroid |8l). 


T*M is a Lie algebroid 


66f 




/X : T*M f) is a morphism of Lie bialge- 
broids |l28|. 


/i : T*M f) is a morphism of Lie algebroids 
66 . 



Suppose K is the source simply connected groupoid integrating T*M (or use a local 
integration instead), and H is the simply connected Lie group integrating f). Let /i : 
K ^ H denote the morphism of Lie groupoids integrating p : T*M — )■ f). We outline the 
main features of the relevant integration procedures in the table below. 



f) C ^ is Lagrangian. 


[) C t) is a quadratic ideal. 


if is a Poisson Lie group 36 . 


H carries a multiplicative Dirac structure. 




the Cartan Dirac structure 16 ,112 . 


The Poisson structure on M determines a 
compatible symplectic structure on 59 
|82,123|. 


The q-Poisson structure on M determines a 
compatible quasi-symplectic structure on K 
66 . 


H : K H is a moment map for the natural 
action of on ii' 128 . 


fi : K ^ H is a. moment map for the natural 
action of on J66\. 



In Chapter [6| we will describe an integration procedure for general q- Poisson (c),0)- 
spaces, which unifies both of the procedures outlined above. Before summarizing our 
result, we make the following general remark: Extrapolating from the two special cases 



^This was already shown by Bursztyn and Crainic in the presence of a moment map for the q-Poisson 
structure 14 . 
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above, such an integration procedure should result in a moment map jj, : K ^ H where 
is a Lie groupoid, and H is some Lie group. Moreover, one expects that H will carry a 
multiplicative Dirac structure. In 65,66 multiplicative Dirac structure^ over a simply 
connected Lie group H were classified in terms of triples (c),0; f)) of Lie algebras where: 

• c) is a quadratic Lie algebra, 

• C c) is a Lagrangian Lie subalgebra, 

• [) C is a Lie subalgebra which integrates to H, and 

• ^ = 5©f)asa vector space. 



Our main result in Chapter [6] is the following: Given a q-Poisson ((), 0)-structure on 
M, together with a Lie subalgebra f) C t) which is a vector space complement to g, 

1. there exists a Lie algebroid structure on T*M, and 



2. the map /i : T*M — )■ P) is a morphism of Lie algebroids. 

Let K denote the source simply connected Lie groupoid integrating T*M (or use a local 
integration instead), then 

3. K carries a q-Poisson g)-structure, and 

4. ^ : K ^ H is a moment map. 



where the simply connected Lie group H carries the multiplicative Dirac structure de- 
termined by the triple {'0,Q, f)). 

The theory of pseudo-Dirac structures, which we will introduce in Chapter [4], play 
an important role in determining the Lie algebroid structure on T*M. As explained 
by Iglesias Ponte-Xu 54 and Bursztyn-Iglesias Ponte-Severa 17, the q-Poisson 



structure on M defines a Courant morphism 



R : TM d. 



As we shall prove in Section 4.1.2, since f) is a pseudo-Dirac structure in the Courant 
algebroid D, the composition 

L := f) o C TM 

is a pseudo-Dirac structure in TM. L is canonically isomorphic to T*M, so this defines 
a Lie algebroid structure on T*M. In general L C TM will not be a Dirac structure. 
However, in the special case where [) C 9 is Lagrangian, L C TM is the graph of the 
Poisson structure on M. 



^For this classification result, the authors assume that multiplication is a strong forward Dirac mor- 
phism, a desirable property in our context. See [T 55 92 for a slightly different concept of Dirac Lie 
groups. 
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Remark 1.0.4. Suppose D is a Lie group with Lie algebra X) and G C D is a closed Lie 
subgroup integrating the inclusion C c). An equivariant map (p : M ^ D/G satisfying 
certain compatibility conditions with the q-Poisson structure is called a moment map. 



The peculiar feature of the bracket (1.0.10) - that it is only well behaved on the 



subalgebra of admissible functions - is reminiscent of the Dirac bracket, discussed in 



Section 1.0.1 above. Since Dirac structures form the geometric framework for the Dirac 
bracket, it is reasonable to try to incorporate q-Poisson geometry into Dirac geometry. 
There has been a substantial body of work in this direction. Some key papers include 
To summarize the relevant results: In the presence of a moment map 



14, 15, 17,54 



: M ^ D/G, they construct a Dirac structure 



L C E, 



in some exact Courant algebroid E, encoding the q-Poisson structur^ Integrating this 
Dirac structure via the techniques described in [l6,53 , one obtains a (local) Lie groupoid 
G which carries a compatible (non-degenerate) q-Poisson structure. In the special case 
where d is trivial, this procedure specializes to the integration of Poisson structures to 
symplectic groupoids. 



This was first explained by Bursztyn and Crainic in 14 for the special case where 3 = g © g, and in 



full generality in 17 



Chapter 2 
Preliminaries 



2.1 Linear relations 

We recall some background on linear relations. 

A (linear) relation R: Vi V2 between vector spaces Vi, V2 is a subspacc R C 
V2 X Vi- Write Vi ~r V2 if {v2, Vi) G R. The graph of any linear map A: Vi — ?■ V2 defines 
a relation gr(yl). In particular, the identity map of V defines the diagonal relation 
gr(idy) = Va^VxV. 

The transpose relation R^ : V2 --^ Vi consists of all {vi,V2) such that {v2,vi) e R. 
We define 

ker(i?) = {vi e Vi\ Vi ~ 0}, ran(i?) = {^2 G ¥2] 3fi e Vi : (f2,fi) G i?}. 

Given another relation R' : V2 --->• V3, the composition R' o R: Vi V3 consists of all 
(^3,^1) such that Vi ~r V2 and V2 ^3 for some V2 G V2. 

We let ann\R): V{ — ->• Vg* be the relation such that ni ~ann^(_R) 1^2 if (Ati, "^i) = 
(a*2, 1^2) whenever vi i'2. Thus {(^2,1^^1) G ann^(i?) (/i2, — A^i) G ann(i?). Note 
ann''(VA) = (^*)a, and more generally 

ann^(gr(A)) =gr(A*)T (2.1.1) 

for linear maps A: Vi ^ V2. 

We will frequently find the following Lemma useful. 

Lemma 2.1.1. For any relations R : Vi — ^ V2 and R' : V2 — ^ V3, one has ann^R'oR) — 
ann'i(i?') oann^(i?). 

More generally, a smooth relation S : Mi — ^ M2 between manifolds is an immersed 
submanifold S C M2 x Mi. We will write 

mi r^s m2, 

if (m2,mi) G 5" C M2 X Mi, and for functions G C°°(Mj), we will write 

/l ~5 /2 



15 
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if /2 ® vanishes on S. Given smooth relations -S": Mi M2 and 5": M2 — -> M3, 

the set-theoretic composition S' o S is the image of 

S'oS^(S' xS)n (M3 X (M2)a X Ml) (2.1.2) 

under projection to M3 x Mi. Here (M2)a C M2 x M2 denotes the diagonal. 

If Vi,V2 are two vector bundles over Mi and M2 respectively, then a VB-relation 
i? : Fi ^2 is a subbundle RQV2XV1 along a submanifold 5" C M2 x Mi. 

We define ker(i?) C p*j^_^Vi, ran(i?) C p*j^^V2 to be the kernel and range of the bundle 
map R — )■ J5^2 V2, (^2, Vi) I—)- V2 (where '■ S Mj, (m2, mi) 1-^ mj). Finally, we define 
the Vi3-relation ann^(i?) : V{ by 

ann^i?) = {(/X2, -/^i) | (/^2,/^i) e ann(i?)} C V* x F^*. 

If Vi — >■ Mj are vector bundles, i? : V^i --^ 1^2 is a VS-relation over S, and (7j e r(V'i), 
then we write 

(7i (72 

whenever ((72,(7i)|5 e r(-R)- 

Example 2.1.1. Let p : y — > M be a vector bundle. Then the VB-relation 

gr(+) -.V xV —^V 

defined by 

(^^1,-^2) ~gr(+) 1^1 +1^2, 

whenever p{vi) = p{v2) is called the graph of addition. A (fibrewise) linear function 
/ e C°°{V) satisfies 

/ © / ~gr(+) / 

while a fibrewise constant function satisfies 

/ ® ~g,(+) /. 

2.2 Lie algebroids and Courant algebroids 

2.2.1 Poisson manifolds 

Poisson geometry is both a useful tool in the theory of Lie algebroids and Courant alge- 
broids, and a source of important examples. For the reader's convenience, we summarize 
the basic concepts here. 

A manifold M is called a Poisson manifold if the space of functions C°°(M) is 
equipped with a Lie bracket 

{•, •} : C~(M) X C~(M) ^ C~(M) 

satisfying the Leibniz rule, 

{/, gh} = {/, 9}h + g{f, h}, f,g,he C^{M). 
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Consequently, for any function / G C°^(M), the operator {/, •} : C°°(M) C^{M) is 
a derivation, and so it defines a vector field Xf = {/, •} on M called the Hamiltonian 
vector field associated to /. By skew symmetry the Poisson bracket is also a derivation 
in the first variable. 

Remark 2.2.1 (Multivector fields). We let X(M) := r(TM) denote the space of vector 
fields, and X^(M) = T{a''TM) the space of fc-vector fields (note X°(M) = C°°(M)). The 
space 

X'{M) := 0X'=(M) 

k 

of multivector fields is a Z-graded algebra with respect to the wedge product, and carries 



a unique bilinear operation, called the Schouten bracket 91,105j, which extends the Lie 
bracket for vector fields and satisfies 

• [X,Y] = -(-l)('=-i)('-i)[F,X] 

• [X,Y AZ] = [X, Y]AZ + (-l)^^-!)'^ A [X, Z] (derivation) 

• [X, [r, Z]] = [[X, Y],Z] + (- 1) [r, [X, Z]] (graded Jacobi identity) 

for X e X'=(M), Y e X'(M), and Z e X*{M). 

Since {/,(?} depends only on the differentials df and dg, there exists a bivector field 
TT G X^{M) such that 

{/,^7} = vr(d/,d(7). (2.2.1) 
We let vr" : T*M — )■ TM be the associated skew-symmetric map, that is tt"^ (df) = Xf. 



It is known 67 that the bracket (2.2.1) satisfies the Jacobi identity if and only if the 



Schouten bracket of vr with itself vanishes 

[7r,7r] = 0. 

A map between Poisson manifolds : M — )■ X is said to be a Poisson morphism if 
the associated map 0* : C°°{N) — )■ C°°(M) is a map of Lie algebras. 

Let C C M be a submanifold, and let ann(TC) = {a G T*M\c such that a\TC' = 0} 
denote its conormal bundle. Then C C M is said to be a coisotropic submanifold if 
7r«(ann(TC)) C TC 



124 



If M is any Poisson manifold with Poisson bracket {■, -jAf, then we let M denote the 
manifold M with Poisson bracket {■, = — {•, -Im- 

Example 2.2.1. Suppose : M — )■ X is a smooth map between Poisson manifolds, and 
let gr((/)) G N X M denote its graph. Then is a morphism of Poisson manifolds if and 



only if gr(0) C X x M is a coisotropic submanifold 124 . 



Generalizing this example, a coisotropic relation R : M — N between Poisson 



manifolds is a relation such that R <Z N x M is a coisotropic submanifold 124 . This 
implies that 

fi^R9u /2 5-2 ^ {/l,/2} {fi'l,fl'2} (2.2.2) 

for any fi G C°°(M) and gi G C°^{N). 
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Example 2.2.2 (Lie algebras). If is a finite dimensional Lie algebra, then q* carries the 
Kirillov Poisson structure [60]. We may identify q with the subspace of linear functions 
on Q*, and the Poisson bracket restricts to the Lie bracket for g on this subspace. This 
property is enough to define the bivector field vr, which in turn defines the Poisson bracket 



of two arbitrary functions by the formula (2.2.1). 



If P) is a second Lie algebra, then a linear map ip : q t) is a Lie algebra morphism 
if and only if (p = tp* : [)* g* is a morphism of Poisson manifolds. 

In this way, there is a one-to-one correspondence between finite-dimensional Lie al- 
gebras and linear Poisson structures on vector spaces. 



As a slight generalization of Example 2.2.2, we have the following. 



Definition 2.2.1 (Linear Poisson structures). Let \^ be a vector bundle. A Poisson 
structure on V is called linear if the graph of addition 

gr(+) -.VxV —^V (2.2.3) 

is a coisotropic relation. 

Remark 2.2.2. If /, c/ G C^iV) satisfy 

/ © / ~gr(+) /, 

and 

g®g ~gr(+) g 



then Eqs. ( |2.2.2D and ( |2.2.3D imply that 

{f,g}®{f,g} ~gr(+) {f,g}. 

In other words, {f,g} is a linear function whenever f,g & C^^V) are linear. Similarly, 
{f,g} is a fibrewise constant function whenever / G C°°{V) is linear and g G C°°(V) 
is fibrewise constant (or vice versa), and {f,g} = whenever f,g & C^{V) are both 
fibrewise constant. In particular, the bundle projection V M is a Poisson morphism 
to the zero Poisson structure. 

Since the Poisson bracket satisfies the Leibniz rule, linear Poisson structures are 
entirely determined by the Poisson brackets of linear functions. For instance the Poisson 
bracket between a linear function / and a constant function g is determined by the 
Leibniz rule, 

{f,g}h = {f,gh}-g{f,h}, 
where h is some arbitrarily chosen linear function. 

A Poisson manifold M is said to be symplectic whenever tt" : T*M — )■ TM is an 
isomorphism. 



Example 2.2.3 (The cotangent bundle). If is any manifold, then the cotangent bun- 
dle, T*N, is a symplectic manifold. Let p : T*N N denote the bundle projection. For 
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a vector field X G X{N), let {X,-) denote the corresponding linear function on T*N. 
The linear Poisson bracket on T*N is defined by the equation 



{{X,.),{Y,.)} = {[X,Y],.) 

for X,Y e X{N). Note that for f,ge C^{N), one has 

{{X,-),p*f}=p*{X-f), 
{p*f,P*9} = 0. 



2.2.2 Lie algebroids 

Lie algebroids, which are a common generalization of Lie algebras and the tangent bundle, 
will be an important concept in this paper. We recall their definition and basic properties, 
and refer the reader to 80 , 90 for more comprehensive expositions. 

Definition 2.2.2. A Lie algebroid is a vector bundle A ^ M together with a Lie bracket 
[■, ■] on its space of sections T{A) and a bundle map a : A — )■ TM called the anchor map 
such that the following Leibniz identity is satisfied: 

[a, fr] = (a(a) ■ /)r + /[a, r], a, r e T{A), f G C^{M). 

Remark 2.2.3. Note that the anchor map is determined by the Lie bracket. Indeed 

(a(a) . f)a = [a, fa], aE r(A), / G C°^(M). 

Additionally, the anchor map intertwines the Lie brackets: 

a[(T,r] = [a(a),a(r)]. 

Example 2.2.4 (The tangent bundle and the Lie algebroid of a foliation.). The tangent 
bundle A = TM — )■ M is a Lie algebroid, where the bracket on r(TM) = X{M) is the 
Lie bracket of vector fields, and the anchor map a : TM — )■ TM is the identity map. 

Lie algebroids with injective anchor map are precisely the integrable distributions 
F C TM, i.e. sub-bundles for which T{F) is a Lie subalgebra of r(TM). 

Example 2.2.5 (Lie algebras and action Lie algebroids). Any Lie algebra q, regarded 
as a vector bundle over the point, is a Lie algebroid. 

More generally, if q acts on a manifold M via the Lie algebra morphism p : g — )■ X(M), 
then X M is a Lie algebroid with bracket 

[6,6]0XM = + ^p(6)6 - ^p(6)ei, 6,6 e r(0 x m) = C^iM,Q). (2.2.4) 

The anchor map a : g x M — )■ TM is defined to extend the map p : g — X(M) on 
constant sections. With this structure, g x M is called the action Lie algebroid for the 
action of g on M. 



Chapter 2. Preliminaries 



20 



Example 2.2.6 (Cotangent Lie algebroid of a Poisson manifold). If M is a Poisson 
manifold, with bivector field vr, then T*M —)■ M is a Lie algebroid. The anchor map is 
tt" : T*M — )■ TM, and the Lie algebroid bracket is the Koszul bracket 

[a, (5]t, = dTT{a, j3) + i^tta(i/3 - L-^ifida. (2.2.5) 

Example 2.2.7 (Atiyah Lie algebroid). Let G be a Lie group, and P — )■ M a principal 
G bundle. Then TP/G — )■ M is a Lie algebroid, with the Lie bracket induced by the 
embedding 

T{TP/G) ^ T{TPf C X(P) 
of sections of TP/G as G-invariant vector fields on P. 

An observation of Courant (28, Theorem 2.1.4] provides an alternative characteriza- 
tion of Lie algebroids in Poisson geometrical terms which generalizes Example 2.2.2[ We 



will find this alternative characterization useful in several places, but most notably to 
define Lie subalgebroids and morphisms of Lie algebroids. For the reader's convenience, 
we restate it here. 

Theorem 2.2.1 (|28| Theorem 2.1 A]). Let A ^ M he a vector bundle and A* ^ M the 
dual vector bundle. There is a one-to-one correspondence between Lie algebroid structures 
on A and linear Poisson structures on A* . 

Recall that any section cr G T{A) defines a linear function (a,-) on A*. The Lie 
bracket on T{A) is related to the linear Poisson structure on A* by the formula 

([a,r],.) = {(a,-),(r,-)}, a,TETiA). 



Example 2.2.8. The correspondence described in Theorem |2.2.1 relates the canonical 



Lie algebroid structure on the tangent bundle (i.e. Example 2.2.4) to the canonical linear 



symplectic structure on the cotangent bundle (i.e. Example 2.2.3). 



Example 2.2.9 (Tangent lift of a Poisson structure). Suppose that M is a Poisson 



manifold, then Example 2.2.6 shows that T*M is a Lie algebroid. By Theorem 2.2.1 
TM carries a linear Poisson structure, called the tangent prolongation (or tangent lift) 
of the Poisson structure on M. In fact, the tangent lift is a functor from the category 
of Poisson manifolds to the category of linear Poisson structures on vector bundles. 
This construction is originally due to Courant p9j, and independently to Sanchez de 



Alvarez 103 . See also Grabowski 43 . 



Next we recall the notion of a Lie subalgebroid of a Lie algebroid, originally due to 



Higgins and Mackenzie 48 , though we use the formulation due to Mackenzie and Xu 81 



Definition 2.2.3. Let A — )■ M be a Lie algebroid. A subbundle B (1 A over a subman- 
ifold C M is called a Lie subalgebroid if its annihilator 



ann(P) C A* 



\N 



is a coisotropic submanifold of A* (with respect to the linear Poisson structure on A*). 
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Definition 2.2.4. Suppose that Ai — )■ Mi and A2 — )■ M2 are two Lie algebroids. 

• A morphism of vector bundles $ : — ^2 is called a Lie algebroid morphism if 
its graph gr($) C x is a Lie subalgebroid. 

• Suppose : ip*A2 — is a base-preserving map of vector bundles, where ip*A2 
is the pullback of A2 along a map ip : Mi — )• M2. If gr(\I') G A2 x Ai is a Lie 
subalgebroid, then the vector bundle relation gr(\Ef) : Ai ---»• A2 is said to be a 
comorphism of Lie algebroids. 

• More generally, a relation i? : Ai ^2 is called an CA relation if R G A2 x Ai is 
a Lie subalgebroid. 

Remark 2.2.4. • The definition of base preserving morphisms of Lie algebroids in 
terms of coisotropic calculus is due to Courant [28] , following the work of Kirillov 



for Lie algebras 60 



The general definition of a morphism of Lie algebroids is originally due to Higgins 



and Mackenzie 48 , the definition above is due to Mackenzie and Xu 81 



The concept of a comorphism between Lie algebroids is due to Higgins and Macken- 
zie 49 . Note that comorphisms can be described more naturally as Poisson mor- 



phisms AI — )■ A2 between the corresponding linear Poisson structures. 

• If i? : --->■ ^2 is an £^-relation, then for any (Xj, Tj G r(^i) satisfying ai cr2 
and Ti r2, we have 

[ai,Ti] r^R [(T2, T2]. 

Remark 2.2.5 (Supergeometric definition of a Lie algebroid) . There is an elegant definition 



of Lie algebroids in terms of supergeometry, due to Vamtrob 116 . Recall that an N 



manifold is a supermanifold carrying an action of the multiplicative semigroup M such 



that —1 acts as the parity operator 110 . The degree of a function (or vector field etc.) 
is the weight of this action, i.e. t ■ f = t'^'^^^-f^ f, t G M. An A^-manifold is said to be of 
degree k if the highest degree of a coordinate function is k. 

If X is an A^-manifold, then ■ X is a regular smooth manifold called the base of 
X. We may consider the sheaf of functions on ■ X generated by elements of C°°{X) of 
degree no greater than k. This sheaf of functions describes an iV-manifold called the k^^ 
truncation of X. For example, the O*'' truncation is ■ X. 

Finally, a homological vector field is a degree 1 self-commuting vector field, usually 
denoted Q. Since 

2g2 = [Q,Q] = 0, 

the operator Q defines a differential of degree 1 on C°°{X) which is also a derivation with 
respect to the multiplication (i.e. C°°{X) is a differential graded algebra). Supermanifolds 
(resp. X-manifolds) carrying a homological vector field are referred to as Q-manifolds 
(resp. NQ-manifolds) [7| |106 



If ^4 — )■ M is a vector bundle, then the supermanifold A\l\ whose sheaf of functions 
is C°°(A[1]) := r(A*A*), is a degree 1 X-manifold (where M acts on the fibres by scalar 
multiplication) . 
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As shown by Vamtrob 116 , a Lie algebroid structure on A is equivalent to a homo- 
logical vector field, Q, on the supermanifold A[l] (i.e. r{A'A*) is a differential graded 
algebra) . 

If a E r(y4), then contraction with a defines a degree -1 derivation, l^, of C°°(y4[l]) : = 
r{A*A*). In this way, degree -1 vector fields on A[l] are in one-to-one correspondence 
with sections of A. The Lie bracket of two sections a, r G T{A) is given by the so-called 

derived bracket construction 

If y4 — M and B N are two Lie algebroids, then a map (/> : A[l] — )■ B[l] which 
intertwines the homological vector fields is equivalent to a morphism A ^ B oi Lie 
algebroids. 

2.2.3 Courant algebroids 



Dirac structures were introduced by T. Courant 28 as a unified framework from which 
to study constrained mechanical systems. Liu-Weinstein-Xu |69j generalized Courant's 
original set-up, replacing TM with a more general notion of a Courant algebroid E — )■ M. 



We recall the basic theory, and refer the reader to [l7[[35||99||100 108 110 115 



Definition 2.2.5. A Courant algebroid over a manifold M is a vector bundle E — )■ M, 
together with a bundle map a: E — TM called the anchor, a bundle metric]^ and 
a bilinear bracket [■,■] on its space of sections r(E). These are required to satisfy the 
following axioms, for all sections ai,cr2,cr3 G r(E): 

Cl) [ai, 1^2,^311 = 11^1,^21,^31 + 1^2, 1^1,^7311, 
C2) a(o-i)(cr2,Cr3) = (Icri,cr2l, CTs) + {(^2, Io'l,Cr3l), 

c3) fai, a2j + |cT2, c^il = a*(c/(cri, ciz)). 

Here a* : T*M — )■ E* = E is the dual map to a. The axioms cl)-c3) imply various other 
properties, in particular 

c4) |ai,M] = /K,a2l+a(ai)(/)a2, 

c5) I/ai,a2l = /Iai,a2l - a((T2)(/)ai + (^i, a2)a*(rf/), 

c6) a(|(Ti,CT2l) = [a((Ti),a(a2)], 

for sections G r(E) and functions / G C°°(M). We will refer to the bracket [■, -1 as the 
Courant bracket (some authors refer to |-, -1 as the Dorfman bracket (after Dorfman [35], 
who introduced it) and its skew-symmetric part as the Courant bracket). 

For any Courant algebroid E, we denote by E the Courant algebroid with the same 
bracket and anchor, but with the bundle metric, (■, ■), negated]^ 

^In this thesis, we take 'metric' to mean a non-degenerate symmetric bihnear form. 
^To see that axiom c3) holds for E, it can be useful to rewrite it as 

([o-l,CT2l + |cr2,(Tl],(T3) = ^{(73) ■ (cri,Cr2), 
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A subbundle E' C E along a submanifold S C M is called involutive if it has the 
property 

ails, cj2\s e TiE) ^ |ai,a2]|s G r(E), 

for any cri,(T2 G r(E). It is important to note that this does not define a bracket on 
sections of ii^, in general. 

We let L"*- C E denote the orthogonal complement of L with respect to the fibre 
metric. A subbundle L C E is called Lagrangian if L-*- = L, and coisotropic if L-^ C L. 
An involutive Lagrangian subbundle C E along 5* C M is called a Dirac structure 
along S. 

A Dirac structure, E, along S* = M is simply called a Dirac structure, and the 



pair (E, E) is called a Manin pair 17,54 . In this case, the restriction of the Courant 



bracket and the anchor map endows E with the structure of a Lie algebroid 28 69 



m 



Dirac structures were introduced by Courant 28 and Liu-Weinstein-Xu 69 . The notion 
of a Dirac structure along a submanifold goes back to Severa 108 and was developed 
|6||T7)|54|. 



Example 2.2.10 (The standard Courant algebroid). The standard Courant algebroid 
over M is TM = TM © T*M with anchor map the projection to the first factor and 
bilinear form ((X, a), (Y, f3)) = {f3,X) + {a,Y). The Courant bracket reads 

l{X,a),{Y,f3)} = {[X,Y],Cxl3-iYda), (2.2.6) 

for vector fields X,Y e X(M) and 1-forms a, (3 e fi^(M). 

Both TM and T*M are Dirac structures in TM. More generally, if vr G X^(M) is a 
bivector field, then the graph gr(7r'') C TM of the associated skew symmetric map : 
T*M ^ TM is a Dirac structure if and only if vr is Poisson. If u E Q'^{TM) is a 2-form, 
then the graph gr(a;'') C TM of the associated skew symmetric map : TM — )■ T*M is 
a Dirac structure if and only if u is closed. 



The standard Courant algebroid was introduced by Courant 28 



Example 2.2.11 (Exact Courant algebroids). The theory of exact Courant algebroids 
was developed by Severa |112j . A Courant algebroid E — )■ M is called exact, if the 
sequence 

-> T*M ^ E A TM ^ 

is exact. In this case, any Lagrangian splitting s : TM — )■ E of this sequence defines a 
closed 3-form 7 G Q^{M) by the formula 

7(X, Y, Z) = (|s(X), s{Y)l s{Z)), X,Y,Ze V{TM) 

Additionally, the splitting defines a trivialization 

(a X s*) : E ^ TM x T*M, 



an equation whose validity is manifestly preserved when the bundle metric is negated. Note that we 

abused 
by a*. 



abused notion when writing the original equation, denoting the composition T* M E* ^ ' ^> E simply 
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which intertwines the bundle metric on E with the natural pairing on TM 
Under this identification, the Courant bracket becomes 



T*M. 



([X, Y],CxP - iyda + LxI-yI), 



for vector fields X, F G X(M) and 1-forms a, /3 G 9}{M). 

Up to isomorphism, exact Courant algebroids are classified by the de Rham cohomol- 
ogy class [7] G ifJ^(M), often referred to as the Severa class of the Courant algebroid. 

Example 2.2.12 (Quadratic Lie algebras). A Lie algebra together with an invariant 
metric is called a quadratic Lie algebra. Courant algebroids over a point correspond to 
quadratic Lie algebras. 

Suppose is a quadratic Lie algebra, acting on a manifold M. Let p: d x M ^ TM 
be the action map. Let K = D x M with anchor map a = p and with the bundle 
metric coming from the metric on D. As shown in [64J, the Lie bracket on constant 
sections d C C°°(M, I)) = r(E) extends to a Courant bracket if and only if the action 
has coisotropic stabilizers ker(pm) ^ Explicitly, for ai,a2 G r(E) = C°°{M,'0) the 
Courant bracket reads (see [641 § 4]) 

|cri, (T2] = K, era] + Cp(^^)a2 - Cp^^2)ai + p*{dai, as). (2.2.7) 

Here p* : T*M — )■ i) x M is the dual map to the action map, using the metric to identify 



= d. Note that the first three terms give the Lie algebroid bracket (2.2.4) for the 
action Lie algebroid d x M. The correction term 



p*{dai,cr2) 



(2.2.8) 



turns the Lie algebroid bracket into a Courant bracket. We refer to D x M with bracket 



(2.2.7) as an action Courant algebroid. 



Remark 2.2.6 (Supergeometric perspective). We recall the one-to-one correspondence, 
due to Roytenberg [100 , between vector bundles carrying a bundle metric, and X- 
manifolds carrying a symplectic form of degree 2 (this fact was discovered independently 
by Severa 



108 



110 



Suppose that V M is a vector bundle. Then a bundle metric (■, ■) on V defines a 
degree —2 Poisson structure on V[l], as follows. Any degree 1 function on V^[l] is equal 
to {a, ■) for some section a G r(V^). The Poisson bracket of two such functions is defined 
to be 

{(a,-),(r,.)} = (a,r), a,TeT{V), 

and it extends to functions of arbitrary degree via the Leibniz rule. Let X be the fibred 
product defined by the following diagram 



X 



T*[2 



V 



V[l] 

p 



1] 



{V®V*)[1\ 
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where p is the canonical projection and i is the embedding given by 

i : f — )■ f © ^(f , ■), V eV. 

Then X is a symplectic submanifold of T*[2]y[l], and is the minimal symplectic realiza- 
tion of 

Next, we recall that this correspondence extends to a one-to-one correspondence be- 
tween Lagrangian subbundles W ^ V and Lagrangian sub iV-manifolds L C X, as 
observed by Severa 



108 



110 



Let W <ZV he a, Lagrangian subbundle over 5* C M, then 
ann[2](Tiy[l]) C T*[2]l^[l] is a Lagrangian submanifold. The corresponding Lagrangian 

submanifold L C X is the intersection L := X fl ann[2](TH^[l"Q^ 

110 that Courant 



100 



108 



It was discovered independently by Roytenberg and Severa 
brackets on V — )■ M are in one-to-one correspondence with homological vector fields on X 
which preserve the symplectic structure, in which c ase X is c alled a degree 2 symplectic 
NQ-manifold. Moreover, as described by Severa 108, 110 , Dirac structures along a 



Moreover, as described by Severa 108, 1] 
submanifold are in one-to-one correspondence with Lagrangian submanifolds of X which 
are tangent to the homological vector field. 



Courant relations, and morphisms of Manin pairs 

Definition 2.2.6 (Courant morphisms and relations). Let Ei,E2 be two Courant al- 
gebroids over Mi and M2, respectively. A Courant relation i? : Ei E2 is a Dirac 
structure i? C E2 x Ei along a submanifold S C M2 x Mi. If S is the graph of a map 
Ml — )■ M2, then R is called a Courant morphism. 

As a consequence of the definition, if ai G r(Ej) and Tj G r(Ej) satisfy ai ~/j 0-2, and 
Ti ~_R, T2, then 

[o-i,T-i] ~ij [cr2,r2], 
(cTi, n) ~i? (0-2, T2). 

If two Courant relations i?i : Ei E2 and R2 '■ E2 --->■ Ms compose cleanly, then 
their composition R20R1 : Ei --->• M3 is a Courant relation (see |65| Proposition 1.4]). In 
particular, since Dirac structures C Ej define Courant relations (to or from the trivial 
Courant algebroid), if the compositions Ri o Ei ^ E2 and E2 o Ri C Ei are clean, they 
define Dirac structures (with support). 

Example 2.2.13. Suppose E is a Courant algebroid over M. Then the diagonal Ea C 
E X E is a Dirac structure with support along the diagonal Ma C M x M. The corre- 
sponding Courant relation, 

Ea : E — > E 

is just the identity map. 

Definition 2.2.7 (Morphisms of Manin pairs). Suppose Ei C Ei and E2 C E2 are two 
Dirac structures. A morphism of Manin pairs 

R : (El, El) (E2,E2) 

is a Courant morphism i? : Ei ---»■ E2 such that 
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ml) El n ker(i?) = 0, 
m2) RoEiC E2. 

Courant morphisms were introduced by Alekseev and Xu in [6] while morphisms of 
Manin pairs were introduced by Bursztyn, Iglesias Ponte and Severa in 17 . We recall 



from 17 some of the important properties of morphisms of Manin pairs. Let 

R : (El, El) (E2,E2) 



be a morphism of Manin pairs over the map : Mi — )■ M2. Then Definition 2.2.7 implies 
that 

R/{iE2 X El) nR) C (E2/E2) X (El/ El) 
is the graph of a morphism Ei/Ei — )■ E2/-E2, which we can identify with a map 

<I>R : El ^ E*2. 

In fact ann^($ij) G E2 x Ei is the graph of a comorphism 4>*E2 — )■ Ei of Lie algebroids. 

Next, if F2 C E2 is a Dirac structure which is transverse to E2 (i.e. F2® E2 = IE2), 
then Fi := F2 o R c Ei is a Dirac structure transverse to Ei fTTj Remark 2.12] (see 
also 65, Proposition 1.4]). Under the identification Fi = E* given by the pairing in E, 
the map : El ^ E2 can be identified with a map 



'11 



Fi^F, 



2- 



By 17, Remark 2.12], this latter map is a morphism of Lie algebroids. 

Remark 2.2.7. Another way to see this fact is as follows. Since R is involutive, gr($i{) = 
Rr\{F2 X Fi) is a Lie subalgebroid. Thus, by Definition 2.2.4, : Fi — )■ F2 is a morphism 
of Lie algebroids. 



As described in |17j, the composition of morphisms of Manin pairs is defined to be 
the composition of the underlying relation, which is guaranteed to be clean by Defini- 
tion [2X7l 

Example 2.2.14 (Standard lift of a relation). Let C M be an embedded submanifold. 
Then TS © A^°(S') C TM is a Dirac structure along S. Moreover, if S : Mi --->• M2 is a 
relation, then Rs '■= TS © ann'' (TS*) C TM2 x TMi defines a Courant relation 

Rs : TMi TM2. 

Example 2.2.15 (q-Poisson structures). Let d he a. quadratic Lie algebra and q G d a 
Lagrangian subalgebra. We will refer to a morphism of Manin pairs 

R: {TM,TM) {d,g) (2.2.9) 

q-Poisson (f,0) structure on M. 
It was shown in frf, § 3.2] that once a Lagrangian complement p C t) to has been 
chosen, a q-Poisson {d, g)-structure on M defines a q-Poisson structure on M in the sense 
of [3], for the Manin quasi-triple ((),0,p). 
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If p C I) is a Dirac structure (i.e. a Lagrangian Lie subalgebra), then F = po R c TM 
is a Dirac structure. Since F is transverse to TM, it is isomorphic to T*M as a vector 
bundle. In this way, any choice of Lagrangian Lie subalgebra p C ^ endows T*M with 



the structure of a Lie algebroid (cf. Example 4.1.7) 



Example 2.2.16 ( (65| Example 1.6]). For any Manin pair (E, E) over M, there is a 
morphism of Manin pairs 

Je: iTM,TM) (E, E) 

where f + /x x if and only if f = a(x) and x — a*(/i) G -E, where v G TM, /x G T*M 
and X G E. 

Remar k 2.2 .8 (Supergeometric perspective). We now describe a n interpr etation, due to 
of Manin pairs in terms of supergeometry (see also 



109 



17 



108 



Severa 

Recall that a degree k Poisson structure on a supermanifold Y corresponds to a 
quadratic function vr of total degree 2 — A; on T*[l — k]Y . The function vr is called the 
Poisson bivector field. Let {■, ■} denote the canonical Poisson bracket on T*[l — k]Y, as 



described in Example 2.2.3, and p : T*[l — k]Y — i- Y the bundle projection. Then for 
/, (? G C°°iY), the Poisson bracket {f,g}n defined by vr is defined by the derived bracket 
construction 

P*i{f,9h) = {{p*f,^},P*9}- 

The bracket {■, -Itt satisfies the Jacobi identity if and only if {vr, vr} = 0. 

As described in [109 , Manin pairs (E, E) are in one-to-one correspondence with prin- 
cipal ]R[2] bundles P — )■ E*[l] carrying an ]R[2] invariant Poisson structure of degree -1. 
To describe the correspondence, suppose P — )■ _E'*[1] is such a bundle and let vr denote 
the degree 3 function on T*[2]P corresponding to the Poisson bivector field. The cotan- 
gent lift of the ]R[2] action is Hamiltonian, with moment map /i : T*[2]P — )■ M. Let 
X = /i^^(l)/]R[2] be the Marsden-Weinstein quotient taken at moment level 1. Since 
vr is an ]R[2] invariant function satisfying {vr, vr} = 0, it reduces to a degree 3 function 
$ G C°°(X) on the symplectic quotient satisfying {$,$} = 0. Let Q = {$,-} be the 
homological vector field corresponding to $. Since X is an A^Q-manifold carrying a 
symplectic form of degree 2, it corresponds to a Courant algebroid E 



see 



Remark 2.2.6 for details) 



100 108 



or 



The zero set of the ideal of functions of positive degree on P is precisely the base M of 
the supermanifold. Since the Poisson structure on P is of degree -1, it follows that M is a 
coisotropic submanifold of P. Hence ann[2] (TM) C T*[2]P is a Lagrangian submanifold 
on which vr vanishes. Hence it reduces to define a Lagrangian submanifold L G X tangent 



to the homological vector field Q. As explained in 108 ,110 or Remark 2.2.6, this defines 
a Dirac structure in E, which is canonically isomorphic to £" as a vector bundle. In this 
way, one associates a M anin pair (E, E) to the Poisson principal M[2] bundle P — ?■ i?*[l]. 
Severa observed 17,109 ,111 that trivializations 



P M[2] X E*[l] 

of the ]R[2] bundle are in one-to-one correspondence with Lagrangian complements to 
E OK. Indeed, let t : P — )■ M[2] be such a trivialization. The graph of dt is a Lagrangian 
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submanifold of T*[2]P. Hence it reduces to a Lagrangian submanifold L' of X which, 



as explained in Remark 2.2.6, corresponds to a Lagrangian complement F C E to -E. 



Moreover, if {t^t}-,^ = 0, then tt vanishes on the graph of dt, and therefore L' C X is 



tangent to the homological vector field, so F C E is a Dirac structure 109, 111 

Suppose (Ei,Fi) and (E2,-E2) are two Manin pairs corresponding to the Poisson 
principal ]R[2] bundles Pi — t- El[V\ and P2 — t- -E'2[1]. Then, as explained by Severa 17 



Remark 2.12], there is a one-to-one correspondence between morphisms of Manin pairs 

K : (Ei,Fi) (E2,F2) 

and M[2] equivariant Poisson morphisms : Pi — i- P2- If t : P2 — )■ M[2] is a trivialization 
of the M[2] bundle corresponding to a Lagrangian complement P2 C E2 to £"2, then 0*(t) : 
Pi — )■ ]R[2] is a trivialization corresponding to the Lagrangian complement Fi = F2 o K. 
Since 0*t}7ro = Oi-n -^1 '■= F20 K is & Dirac structure whenever P2 is. 

Coisotropic reduction and Pull-backs of Courant algebroids 

Reduction of exact Courant algebroids was developed in 13, 130] (see also [52|[68|[84[[Il4 



117|). Some aspects of this construction were extended to arbitrary Courant algebroids 
in |64[ Sections 2.1 and 2.2], as we recall now. 



Proposition 2.2.1 ([64| Proposition 2.1]). Let S C M be a submanifold, and C C EI5 
an involutive coisotropic subbundle such that 

a(C) C TS, a(C^) = 0. 

Then the anchor map, bracket and inner product on C descend to Ec = CjC^ , and 
make Ec into a Courant algebroid over S. The inclusion (p: S ^ M lifts to a Courant 
morphism 

R^:Ec--^E, y-^R^x 4^ xeC, y = p{x) 
where p: C ^ Ec is the quotient map. 

As a special case of the coisotropic reduction procedure, we can define the pull back 
of a Courant algebroid along a map. 

Definition 2.2.8. Suppose 0: S* — ?■ M is a smooth map whose differential dcf): TS — 
TM is transverse to a: E — )■ TM. We define the pull-back Courant algebroid 0'E — )■ S* as 

0'E = C/C^, 

where 

C = {{x]V,^) G E X I {d(l)){v) = a(x)} 

is an involutive coisotropic subbundle of E x TS" over gr(0) C M x 5. (The shriek 
notation is used to distinguish from the pull-back as a vector bundle.) One has 
rk(0'E) = rk(E) - 2(dimM - dim 5). 
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There is a canonical Courant morphism 

P^:(f)-E—^E (2.2.10) 

lifting 0: S M. Explicitly, 

y X <(=^ 3t> G TS": a(x) = d(j){v), (x; f , 0) G C maps to (2.2.11) 

Note that as a space, is the fibred product of E and TS* over TM. It is a smooth 
vector bundle over S = gr(0) since a is transverse to d(j) by assumption. 

For exact Courant algebroids, the pull-back can be computed quite simply using the 
following proposition. 

Proposition 2.2.2 (|64| Proposition 2.9]). For any smooth map (p: S M , one has a 

canonical isomorphism 

0'(T,M) = T<^.,5. 



2.3 Multiplicative Courant algebroids, and multiplica- 
tive Manin pairs 

For any groupoid G =^ G^^^ we let s, t : G — ?■ G^"^ and 1 : G'*-^'' — ?■ G denote the source, 
target and unit maps. Let 

gr(MultG) = {{91092,91,92) I s{g^) = t{92)} C G^ 

denote the graph of multiplication, which we regard as a relation 

gr(MultG) -.GxG —^G. 

Definition 2.3.1. Let G =^ G*^°-' be a Lie groupoid. 

• A V-B-groupoid over G is a Lie groupoid V =^ V^^^ such that — > G is a vector 
bundle and gr(Multv) :V xV \s Vi3- relation over gr(MultG). 

• An £^-groupoid over G is a Lie groupoid A =^ A^'^^ such that A — )■ G is a Lie 
algebroid and gr(Mult^) : A x A — )■ A is an £^-relation over gr(MultG). 

• A C^-groupoid (or multiplicative Courant algebroid) over G is a Lie groupoid 
G =^ G*^°) such that G — G is a Courant algebroid and gr(MultG) : G x G — G 
is a Courant relation over gr(MultG')- 

• A Manin pair (G, E) is called multiplicative if G is a Cv4-groupoid, and C G is 
a VS-subgroupoid. In this case, E is called a multiplicative Dirac structure. 

• A Courant morphism (or relation) i? : Gi G2 between C^-groupoids is called 
multiplicative if C G2 x Gi is a V;B-subgroupoid. 
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Remark 2.3.1. VB and £^-groupoids were first defined by Pradines p8] and Mackenzie 



73,78 , respectively. The definitions above 65 are equivalent, but somewhat shorter 



The concepts of multiplicative Courant algebroids and multiplicative Dirac structures 



were suggested in terms of supergeometry by Mehta 87, Example 3.8] and Ortiz 93 
§ 7.2], respectively. More precisely, they suggest that a Cw4-groupoid should be a degree 
2 symplectic A^Q-groupoid, and a multiplicative Dirac structure should be a Lagrangian 
A^Q-subgroupoid. The above definitions are restatements of this without the use of 
supergeometry. 

Example 2.3.1 (Standard CAgroupoid). If G ^ G^^^ is a Lie groupoid, then applying 
the tangent functor to the structure maps endows TG =^ TG^^^ with the structure of an 
£^-groupoid, with 

gr(MultTG) = Tgr(MultG) : TG x TG TG. 



As observed by Weinstein 123 , T*G =^ ann(TG*^*'^) also inherits the structure of a Lie 



groupoid over the conormal bundle of G^"^ C G, with 

gr(MultT*G) = annngr(MultTG)) : T*G x T*G T*G. 

Therefore TG is naturally a Lie groupoid. The graph of multiplication is given ex- 
plicitly as 

gr(MultTG) := Tgr(MultG) © ann^(Tgr(MultG)). 



By Example |2.2.14| it defines a Courant relation 

gr(MultTG) : TG X TG TG 

over gr(MultG), so TG is a C.4-groupoid. This fact was first explicitly observed by 
Mehta (87| Example 3.8], though it was used implicitly by Bursztyn, Crainic, Weinstein 



and Zhu in 16 



Suppose TT is the bivector field of a Poisson structure on G. As explained by Ortiz (93 



following Mackenzie and Xu 82 , gr(7r'') C TG is a multiplicative Dirac structure if and 
only if TT is a multiplicative bivector field on G, i.e. tt" : T*G — )■ TG is a morphism of 
Lie groupoids. Similarly, if a; G f2^(G) is a closed 2-form on G, then gr(ci;'') C TG is a 
multiplicative Dirac structure if and only if w is a multiplicative 2-form, i.e. : TG — ?■ 
T*G is a morphism of Lie groupoids. 

Example 2.3.2 (Cartan Dirac Structure). Let c) be a quadratic Lie algebra, and D any 
Lie group with Lie algebra D which preserves the quadratic form. Then d (B^ acts on D 
by 

p:(ei,6)^-ef + ^1', e^e?) 

where are the left-,right- invariant vector fields on D which are equal to ^ G at 

the unit. At the unit, the stabilizer for this action is the diagonal subalgebra C 
which is Lagrangian. Since the stabilizer at any other point in D is conjugate to ^a, 
it follows that this action has coisotropic stabilizers. Hence we may form the 'action 
Courant algebroid' 
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as in Example 2.2.12 

The Courant algebroid (c)©0) x is actually a C^-groupoid. As a groupoid, it is the 
cross product of the Lie group D and the pair groupoid © See |2 ,64 ,66 for details. 

The diagonal a C © ^ is a Lagrangian subalgebra, so t)A x D is a Dirac struc- 
ture. Since it is also a subgroupoid, it defines a multiplicative Dirac structure. This 
Dirac structure, known as the Cartan- Dirac structure, was introduced independently by 
Alekseev, Severa and Strobl 



63 



112 



2.4 Double structures 



In this section, we recall the concepts of a double vector bundle and an £^-vector bundle, 
and we define a C^-vector bundle. Each of these definitions is quite similar, and we give 
them here to highlight the relationships. In subsequent sections, we shall describe them 
in more detail. 

Definition 2.4.1. Suppose that D ^ A and B ^ M are vector bundles, and 

D > B 



A 



M 



(2.4.1) 



is a morphism of vector bundles. We let gr(+£)/^) C D x D x D denote the graph of 



addition for D A, as in Example 2.1.1 



D is called a double vector bundle if is a vector bundle over B and gT{+o/A) is 
a vector subbundle of B^. 

D is called an CA-vector bundle if D is a Lie algebroid over B and gT{+D/A) ^ 
is Lie subalgebroid. 

D is called an CA-vector bundle if D is a Courant algebroid over B and gr(+£i/^) C 
D X D X D is a Dirac structure with support. 



Remark 2.4.1. Notice the similarity between Definitions 2.3.1 and 2.4.1 Indeed dou- 
ble vector bundles, vector bundles and C^- vector bundles are special cases of VB- 
groupoids, £^-groupoids, and C^-groupoids. 

During the rest of this chapter, we shall recall some of the basic theory of double 
vector bundles and £^-vector bundles. While none of the results in this chapter are 
new, the use of relations in some of the exposition and proofs is novel. 



2.5 Double vector bundles 



Double vector bundles will be a frequent concept in this thesis, so we begin by describing 
some basic examples, and recalling their definition and basic properties. In essence. 
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double vector bundles are vector bundles in the category of vector bundles. They were 



first introduced by Pradines 97 and further studied in 42 61179 . 



Example 2.5.1. Suppose that A, B and C are all vector bundles over the manifold M. 
Then A B y< M C is the total space of a vector bundle over A and of a vector bundle 
over B with the respective additions given by 



(a, bi, ci) +D/A {a, 62, C2) = (a, h + 62, ci + C2), 



and 



(fli, b, ci) (a2, 6, C2) = (ai + 02, b, ci + C2), 

where a, ai, 02 G A, 6, 61, 62 G -B and c, Ci, C2 G C all lie over the same point in M. With 
these vector bundle structures, 



Axm B XmC 



M 



B 



A 



M 



is a double vector bundle. 



Example 2.5.2 (Tangent bundle of a vector bundle). The following example, which will 
be of central importance to this thesis, is due to Pradines 97 . Suppose that B M is 
a vector bundle, then 



TB 



B 



TM 



M 



(2.5.1: 



is a double vector bundle. The graph of the addition in the vector bundle TB — )■ TM is 
obtained by applying the tangent functor 

gli+TB/TAl) =TgT{+B/M) 

to the graph of the addition in the vector bundle B — M. We will revisit this example 
in more detail in Examples 2.5.4 and 2.7.1 below. 



It would appear from Definition 2.4.1 that there is an asymmetry between the two 
vector bundle structures on D. This is not the the following proposition shows. 

Proposition 2.5.1. Let D be a manifold which is canonically identified with the total 
space of two vector bundles over manifolds A <Z D and BCD, respectively. We let 

gri+D/A) -.DxD-^D, 
gr{+D/B) -.OxD—^D 
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denote the graph of the two additions. Let ^(1324) : — )■ D"^ denote the permutation 

■5(1324) (c^l; C^25 C^3) '^4) = (c^l ; 5 ^^2? ^^4) 5 

and M = A n B . Then the following are equivalent. 
El ) The following diagram of relations commutes 



jji — , j:,2 



griS(i324)J 



gr(+DM) 



D 



gr{+D/B) 



(2.5.2) 



E2) The following diagram is a double vector bundle 



Qd/b 
D > B 



Qd/a 



Qb/m 



A 



Qa/m 



M 



where qb/m ■= {qD/A)\B and qa/m ■= (to/s)!. 



(2.5.3) 



E3) The following diagram (the 'diagonal flip' of (2.5.3 )j is a double vector bundle 



Qd/a 
D A 



Qd/b 



Qa/m 



B 



Qb/m 



M 



(2.5.4) 



where qb/m ■= {Qd/a)\b and qa/m ■= {Qd/b)\ 



A- 



Although the proof of this proposition is not comphcated, we have placed it in Ap- 
pendix |B] for the sake of brevity. 



As an immediate consequence of Proposition 2.5.1 , if (2.4.1 ) is a double vector bundle 



both A ^ M and B ^ M are vector bundles, which we call the horizontal and vertical 
side bundles, respectively. 

Let -D/A and -d/b denote the scalar multiplication operations on D, viewed as a vector 
bundle over A and B, respectively. Moreover, we let Od/m '■ M ^ D be the composition 
of Od/b '■ B ^ D with the zero section M ^ B. 
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We let Df^'P denote the reflection of (2.4.1) across the diagonal 



qD/A , 

D A 



Qd/b 



Qa/m 



B 



Qb/m 



M 



which, as a consequence of Proposition 2.5.1 , is also a double vector bundle. 



As an immediate consequence of Proposition 2.5.1 and 45, Proposition 2.1], we get 
the following corollary. 



Corollary 2.5.1. D is a double vector bundle if and only if (2.4.1) is a commutative 
diagram where all four sides are vector bundles and the following equations hold 



(di +D/B +D/A (ds +D/B d^) = {di +D/A d^) +D/B (c^2 ^ 
t -D/A {di +D/B d2) = t -DjA d\ +D/B t 'D/A C^2, 
t -D/B {di +D/A ds) = t -D/B di +D/A t 'D/B d^, 



-D/A di), 



(2.5.5) 
(2.5.6) 
(2.5.7) 



for any di, d2, d^, d^ & D satisfying {di, c/2) E D Xb D, [d^, d^) E D x b D , and (di, ^3) G 
D XaD, {d2, d^) e D XaD. 

Remark 2.5.1. The alternative definition of a double vector bundle given by Corol- 



to the commutativity of (2.5.2). 



lary 2.5.1 is the standard one found in 79,80,97 . Also, note that Eq. (2.5.5) is equivalent 



Remark 2.5.2 (Euler vector fields). One may also define a double vector bundle in terms 
of Euler vector fields, as is done by Grabowski and Rotkiewicz 42 . Suppose D is a 



manifold which is the total space of two different vector bundles D ^ A and D B. 
Let eo/A and en/s the respective Euler vector fields. Then D is a double vector bundle 
if and only if [en/A, (^d/b] = 0. 

One major advantage of this definition is that it extends easily to n-vector bundles. An 
n- vector bundle D is manifold with n vector bundle structures D — )■ Mj (for i = 1, . . .n) 
such that the respective Euler vector fields commute pairwise. 



2.5.1 The core 



Consider the submanifold C := kei{q£)/A) nker(g£)/B). If in Eq. (2.5.5), we let ^1,(^4 G C 
and (^2, d-s = Od/m, then we get 

dl +D/A di ={di +D/B Od/m) +D/A (Od/A/ +D/B d^j 
= {di +D/A Od/m) +D/B i^D/M +D/A di) 

=di +D/B di. 

So both +D/A and +d/b define the same additive structure on C. Similarly both -^/^ 
and -D/B restrict to the same scalar multiplication on C. Therefore, with either choice 
of addition and scalar multiplication, C is a vector bundle over M, called the core of D. 
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We may occasionally display the core explicitly in a double vector bundle diagram, 
as follows: 

D > B 



C 



A 



M 



Example 2.5.3. Suppose A, B and C are vector bundles over M. The core in the double 
vector bundle 

Axm B XmC > B 



A 



M 



c.f Example 2.5.1 ) is the subbundle C C A x ^ B x m C . 



Note that the abelian groupoid C acts on D, via the formula 

d + c:= {(I+d/aOd/a) +D/B (c+d/aOd/b) = {d+D/sOD/B) +d/a{c+d/bOd/a)- (2.5.8) 

for any {d, c) E D x m C. 

We let i : C ^ D denote the inclusion and za '■ Qa/m^ ~^ ^ denote the composition 



A XmC 



Od/a X i 



-TD/B 

D XbD > D. 



The exact sequence of vector bundles 



^A/M 



A 



1A 

C — ^ D 



^A/M 



B 



id 



A 



id 



A 



(2.5.9) 



is called the core sequence. 

Among the sections r{D,A), there are two subspaces of sections: the core sections 
Tc{D, A), and the linear sections Ti{D, A). For any section a G r(C), we let the section 
(Jc^ : A ^ D he given by 

^*A/M^ lA 

^ > ^\/mC > D 



The map a — )■ embeds r(C) into V{D,A), as the space Vc{D,A) of core sections. 
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Meanwhile a section a G r(D, A) is called linear, if there is a section ctq G r(i?) such 
that the horizontal map 

a 



A 



M 



D 



B 



is a morphism of vector bundles (in this case, (Tq is unique). The subspace of linear 
sections is denoted by Ti{D, A) C T{D, A), and the map a — t- ctq defines a linear surjection 
Ti{D,A)-^T{B). 

It is clear that there are analogous notions with the roles of A and B replaced. 
Remark 2.5.3. Let en/A and eD/B denote the Euler vector fields on the vector bundles 



D ^ A and D — )■ S, as in Remark 2.5.2 



Any section a G T{D^A) defines a vertical vector field on D by fibrewise transla- 
tion]^ i.e, 

{Laf){d) = dtf{d +DIA t -D/A o-)|t=o, 

such that [e^/A) '•o-] = —f-a- Indeed there is a one to one correspondence between vector 
fields X G X{D) such that [e£)/^,X] = —X and sections a G T{D,A) given by the 
condition X = l^j. The core sections Tc{D, A) are precisely the sections a G T{D,A) 
such that [eDjBiLa] = —La, while the linear sections ri{D,A) are precisely those sections 
a G T{D, A) such that [eD/B, '•o-] = 0. 

Example 2.5.4 (Tangent bundle of a vector bundle (cont.)). Suppose that i? — )■ M is a 



vector bundle, then as explained in Example 2.5.2 



TB 



B 



Qb/m 



TM > M 

Qtm/m 



(2.5.10) 



is a double vector bundle. For a point x G M, the core fibre over x consists of vectors 
based at x which are tangent to the fibre, q'^/^/ 
core is canonically isomorphic to B: 



x 



of B over x (see Fig. 2.1). So the 



TB 



TM 



B 



B 



M 



If 0" G r(i?) is a section of B, then we have 
simplify notation. 



so we may denote cTctm 

by ac to 



^We use the notation ia since it acts by contraction with a for fibrewise Unear functions. 
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Figure 2.1 - The vector ^ G T^B is tangent to the fibre q^^j^,^{x), and therefore 
defines a core element of TB at x G M. If o" G ^{B) is such that ^ = (t(x), then for 
any X G TM, aciX) = X +tb/b (here the addition takes place in the vector 
space TxB). 



Meanwhile, the differential da : TM — )■ TB is a linear section of TB over TM 
canonically associated to the section a : M —> B, which we call the tangent lift ctt of 



a (see Fig. 2.2). Note that, while the tangent lift of any section is a linear section, the 
converse does not hold. 

For / e C°°(M), we introduce the notation fc := Qtm/mI ^ C"^(TM) and /r : = 
df G C°°(TM)|^ Then we have the following rules 

{f-cT)c = fc-(rc, (2.5.11a) 
if ■ a)T = fx ■ ac + fc ■ ciT- (2.5.11b) 

Finally, we point out that if {a*} C r(i?) is a local basis of sections of B, then 
{(j^, a!p} C r(Ti?, TM) is a local basis of sections of TB. 



2.5.2 Duals of double vector bundles 

A double vector bundle 



D 



A 



C 



B 



M 



is the total space for two ordinary vector bundles: 

D ^ B and 



(2.5.12) 



D 

I 

A 



^Here, we understand the 1-form, df G il^(M), as defining a function on TM. 
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Figure 2.2 - For any section a G T{B), tlie tangent lift cjt G T{TB,TM) of a 
takes X G TM to da{X) G TS. 



We denote the duals of these two ordinary vector bundles by 



D*- ^ B and [ 

A 



The notation and *y, which we have adapted from 44 , j identifies the arrow along 
which we dualize with the appropriate axis: 



X 



We call D*« the vertical dual or dual over A, and D*^ the horizontal dual or dual over B. 



Pradines 98], and later Konieczna-Urbahski 61 , Mackenzie 76,79 and Grabowski 



Rotkiewicz ^2], studied the duals D*^ and D*« , proving that they form the total space 
for double vector bundles themselves. We now explain this fact in terms of relations. 

Note that the following relations are all Vi3-relations, where D is viewed as a vector 
bundle over A. 

• gr(+£)/B) : D X D --^ D (addition) 

• B : * --->■ D (the unit, * ~b On/Bib) for any b E B) 

• grit-D/B) '■ D D (scalar multiplication by t G M) 

• Da: D D (the identity map, d ~A£, d) 

• gr(Swap) : D X D --^ D X D ((rfi,4) ~gr(Swap) (c^2,'^i)) 
^Gracia-Saz and Mackenzie denote *x and *y by X and Y, respectively. 



Chapter 2. Preliminaries 



39 



The defining axioms for D to be a vector bundle over B can be written entirely in terms 
of these relations. That is, 

gr(+D/B) o (gr(+D/B) X Da) = gT{+D/B) o (-Da x gi^+u/B)) (associativity of addition) 
gr{+£)/B) o gr(Swap) = gr{+£i/B) (commutativity of addition) 
gr(+D/B) o (-Da X 5) = Da (identity element of addition) 
gri+D/B) o (gr(t-z)/s) X gi{t-D/B)) = grit-D/s) o gr(+z)/s) (distributivity) 

etc. 

Since D A decomposes as C © -B along M G A (embedded as the zero section), 
we have C* = ann(_B) C D*>^ . We define 



gr(+D^/c*) := ann^(gr(+B/ij)) : D*" x D*^ D*y 



gr(t- 



J/C 
D*v /C , 



ann^(gr(t-D/B)) : D 



*y 



(2.5.13) 
(2.5.14) 



An application of Lemma 2.1.1 then shows that D*" also satisfies the axioms to be a 
vector bundle over C*, that is 

gr(+D^/c*) o (gr(+D*y/c*) x (D''^)a) = g^i+D-y/c) ° ((D'*«)a X gr{+D*y/C')) 
gr(+D*y/c*) o gr(Swap) = gT{+D*y/C') 
gTi+D*y/C') o {iD*")A X C*) = (D*^)a 
gr(+z)i//c*) o (gr(^D*»/c*) X gr()f:-Dn;/c*)) = g^i't-D'v /c*) ogr(+D*y/c*) 

etc. 

Since, by definition, gr(+£)»y /c*) is a vector subbundle of {D*«)^ — )• A^, it follows from 
Definition 12.4.11 that 

D*y > C* 



B* 



A 



M 



(2.5.15) 



sequence is the dual of (2.5.9). 



is a double vector bundle (see 42,79 for details). The core of D*" is B*, and the core 



A similar discussion applies for the dual D*^ — )■ B. 
Example 2.5.5 (Cotangent bundle of a vector bundle). Taking the dual of the tangent 



double vector bundle (2.5.10) over B, and using the identification (TB)*^ = T*B, we get 



the cotangent double vector bundle 



T*B 



B 



T*M 



B* > M 



(2.5.16) 
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Example 2.5.6. If we take the dual of the tangent double vector bundle (2.5.10) over 
TM instead, the result is canonically isomorphic to 



TB* 



B* 



B* 



TM 



M 



2.5.3 Total kernels and quotients of double vector bundles 

Suppose that the map 

D >B Q >M 



C 



Q 



id 



A 



M 



M > M 

id 



(2.5.17) 



is a morphism of double vector bundles such that the restriction of q to the core C of 
D is a surjection. Since Q has a common zero section over both side bundles, it makes 
sense to define the total kernel 

ker(g) := {x E D \ q{x) = 0}, 

a double vector subbundle of D. 

On the other hand, suppose we have a double vector subbundle of D, 



D' 



B 



C 

A > M 



c 



D 



A 



C 



B 



M 



(2.5.18) 



containing both side bundles A and B. Recall that the core C acts on D via Eq. (2.5.8). 
Consequently, we have a well defined map q : D ^ C /C , given by the condition 

q{d) = c^d + ceD', 

where c G C is any lift of c. The map q : D ^ C/C is called the total quotient of D by 
D'. 

It is clear that these two constructions invert each other, yielding the following propo- 
sition. 

Proposition 2.5.2. The operations of taking the total kernel or the total quotient define 
a one-to-one correspondence between surjective morphisms of double vector bundles of 
the form (2.5.17) and inclusions of the form (2.5.18). 
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2.6 Triple vector bundles 

In this section we briefly summarize the theory of triple vector bundles, first studied 



by Mackenzie 79 . The following definition is an abbreviateqj version of the one found 
in [791. 



Definition 2.6.1. A triple vector bundle is a cube with edges oriented as follows, 



E 



M 



> V2 



such that 

• each edge is a vector bundle, and 

• each face is a double vector bundle. 
Example 2.6.1 {W^). Suppose that 



D 



A 



B 



M 



is a double vector bundle. Then the tangent bundle TD is naturally a triple vector 
bundle. 



D 



A 



TD 



TA 



B 



M 



TB 



TM 



called the tangent triple vector bundle of D. 



42 



: Suppose E is the total 



^The abbreviations are due to the work of Grabowski and Rotkiewicz 
space for n vector bundles i? — > Vi,. . . ,E ^ Vn- They show that E is an n- vector bundle if and only 
if the n Euler vector fields commute pairwise. As a consequence, an n-dimensional cube whose arrows 
(with correct orientations) are vector bundles is an n-vector bundle if each face is a double vector bundle. 
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Example 2.6.2 Suppose that 



D 



A 



B 



M 



is a double vector bundle. The three double vector bundles D*" and D*^ form faces of 
the triple vector bundle T*D, 




called the cotangent triple vector bundle of D. Here the left, top and back faces are 
cotangent double vector bundles, as in Example 2.5.5p 



2.6.1 Duality 

Since a triple vector bundle 



E 



M 



D 



2,3 



> V2 



X 



carries three vector bundle structures, one can dualize E in three different ways: along 
the X, y and z axis depicted above. Each of these duals is a triple vector bundle, which 



we denote by E*^, E*« and E*% respectively (adapting Gracia-Saz and Mackenzie's 44 
notation). 



'^However, the back face can be viewed as a cotangent double vector bundle in two different ways: 
as T*{D*y) or T*{D*^). There is a canonical isomorphism T*{D*y) = T* which restricts to the 
identity map on both D*'' and and to minus the identity on the core T*C* . 
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Example 2.6.3. Suppose 



D 



B 



C 

A > M 



is a double vector bundle. Consider the tangent triple vector bundle 



D 



A 



TD 



TA 



B 



M 



TB 



TM 



described in Example 2.6.1 Dualizing along the 2;-axis yields the cotangent triple vector 



bundle described in Example 2.6.2, i.e. (TD)*'' = T*D. On the other hand, dualizing 



TD along the x-axis yields the triple vector bundle 



TD* 



TB 



D*- 



B 



TC* 



TM 



C* 



M 



That is (TD)"^ = T{D*-). 

As a final example, dualizing the cotangent triple vector bundle T*D along the x-axis 
yields T*D*- = TD*^*-: 



TD* 



D* 



TB 



B 



TC* 



C* 



TM 



M 
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2.7 vector bundles and double linear Poisson vec- 

tor bundles 



2.7.1 vector bundles 



vector bundles are a concept due to Mackenzie 74 , 75 which encode the notion of 



a vector bundle in the category of Lie algebroids, or equivalently a Lie algebroid in the 



category of vector bundles. In 45 it was shown that £^-vector bundles are the correct 



context from which to study 2-term representations of Lie algebroids 'up to homotopy' 
(note that |45j also provides a very nice summary of vector bundle theory). 
Suppose that 

D > B 



^1 



A 



M 



(2.7.i: 



is an £^-vector bundle. That is, D — )■ A and B M are vector bundles, (2.7.1) is 
a morphism of vector bundles, D ^ B is a. Lie algebroid, and gr+D/A C is a Lie 
subalgebroid. 

Proposition 2.7.1. There is a unique Lie algebroid structure on A M such that the 
inclusion Od/a '■ A D and the projection qo/A '■ D ^ A are both morphisms of Lie 
algebroids. 

Proof. We let gr(— : D x D D be the relation defined by (^1,6/2) ^gr{-n/A) ^ 
and only if c? 6/2 = rfi . Since gr(— = {[d; di, ^2) | d+£)/Ad2 = di} (1 D x D x D 
is obtained from gr(+£)/^) by permuting factors, it is a Lie subalgebroid of — )■ B'^. 
Moreover, the diagonal D/\ G D x D is Lie subalgebroid of — t- B^. Therefore, the 
composition gr^—D/A) ° -Da is a Lie subalgebroid of D ^ B. Since Od/a '■ A ^ D 
embeds A as gi^—D/A) o-Da, there exists a unique Lie algebroid structure on A such that 
Od/a '■ A ^ D is a morphism of Lie algebroids. 

Moreover, since diagonal embedding : D ^ D x D, given by — )■ {d, d) is a 
morphism of Lie algebroids from D ^ B to — ?► B^, the composition of relations 



gi{—£)/A) o gr(A£)) : D D is a £^-relation. However gi{—D/A) ° g^i^o) 
Id /a), which shows that qc/A '■ D ^ A is a morphism of Lie algebroids. 



gr(OD/A o 

□ 



Remark 2.7.1. Proposition |2 . 7. 1] shows that the Lie algebroid structure on A is completely 
determined by the Lie algebroid structure on D. Indeed, if (Td, td G T{D, B) and a a, ta £ 
T[A) are such that cr^ = qD/A{.(^D) and ta = qD/AiTo), then 

[crA,rA] = qD/A^D.-rD]. 

Example 2.7.1 (Tangent prolongation). If B is any vector bundle then writing the 
structural equations for B as diagrams and applying the tangent functor we get corre- 
sponding diagrams in the category of Lie algebroids. For example, applying the tangent 
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functor to the addition relation gr(+B/M) '■ B x B --->■ B yields addition for TB — )■ TM, 
gT{+TB/TM) := Tgr(+B/M) : TB Xtm TB ^ TB. Since Tgr(+B/Af) C (TB)^ is a sub- 



algebroid, it follows directly from Definition 2.4.1 that then the tangent double vector 



bundle (2.5.10), TB is a vector bundle. 



Meanwhile, if A — )■ M is a Lie algebroid, then the flip, (TA)-'^'*^, of the tangent 
double vector bundle is naturally an £^-vector bundle, called the tangent prolongation 
(or tangent lift) of A. 

TA ^ TM 



A 



M 



The Lie bracket on r{TA, TM) can be defined as follows. For cXjT E T{A) we define 



[ctt, tt] = [a, t]t, 
[aT,Tc] = [cr,r]c, 
[ac, Tc] = 0. 



(2.7.2a) 
(2.7.2b) 
(2.7.2c) 



The bracket of arbitrary sections is defined by means of the Leibniz rule. 

As an example, when A = q is a Lie algebra, then (TA)^^^^ = g x g, as a Lie algebra. 

2.7.2 Double linear Poisson vector bundles 



We recall the theory of double linear Poisson vector bundles, as introduced in 45 . Sup 



pose that (2.7.1) is a double vector bundle, and D ^ B is a Lie algebroid. Taking the 



horizontal dual, we obtain 



D* 



B 



C* > M 

Since D ^ B was a Lie algebroid, we recall from Theorem 2.2.1 that D*^ carries a linear 
Poisson structure. That is, 

c IB 



gr(+D'./B) -.D*- xD*- D*^ 



is a coisotropic relation. 

Now D is a £^-vector bundle if and only if gr(+£)/^) : DxD D is an £^-relation, 
which is equivalent to 

gr(+D^/c*) = ann^(gr(+fl/^)) -.0*^x0*^ D*^ 

being a coisotropic relation. In other words, D is a £^-vector bundle if and only if the 
induced Poisson structure on D*"" is linear with respect to both vector bundle structures. 
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Double vector bundles equipped with such a Poisson structure are called double linear 
Poisson vector bundles. 

It is clear that the definition of double linear Poisson vector bundles is symmetric 
with respect to the two vector bundle structures on the total space. More precisely, if 
D*^ is a double linear Poisson vector bundle, then so is Taking the horizontal 

dual of )'^'*^, we get a second vector bundle. Using the canonical isomorphism 



flip 



D*«, we see that 



D*y 



A 



C* 



M 



is canonically an vector bundle, called the dual vector bundle to D. 



Example 2.7.2. Suppose A — )■ M is a Lie algebroid, then Example 2.7.1 shows that the 
tangent prolongation, TA-^'*^, is an £^-vector bundle. Taking the horizontal dual, we 

get 

TA* > A* 



TM 



M 



whose double linear Poisson structure is the tangent prolongation (i.e. Example 2.2.9) 
of the linear Poisson structure on A* (see Theorem 2.2.1 for details). 



On the other hand, the vertical dual of TA^^'^^ is 



T*A 



A 



A* 



M 



which, as explained above is naturally an £^-vector bundle. Indeed, under the isomor- 
phism T*A = T*A*, it is just the cotangent Lie algebroid for the linear Poisson structure 
on A*. 

Notice that the canonical symplectic structure on T*A is a double linear Poisson 
structure. The two duals of T*A are the tangent Lie algebroids TA — )■ A and TA* — )■ A*. 



Chapter 3 

Vi3-Courant algebroids 



3.1 V25-Courant algebroids 

For the reader's convenience we recall the definition of a C^-vector bundle, and its 
diagonal reflection, a V^B-Courant algebroid. 

Definition 3.1.1. A VB-Courant algebroid is a double vector bundle 



E 



E 



V 



M 



{3.1.1] 



such that E — )■ E' is a Courant algebroid and 



gr(+E/y) : E X E E (3.1.2) 

is a Courant relation. The diagonal reflection, E-^'*^ is called a CA-vector bundle. 

Example 3.1.1. Suppose E — )■ M is a Courant algebroid. In Boumaiza and Zaalani 
showed that TE — )■ TM is naturally a Courant algebroid. With this structure, the double 
vector bundle 



TE 



TM 



E 



M 



is a Vi3-Courant algebroid, as we shall show in Chapter |4j 

Example 3.1.2. Suppose E — >■ M is a Courant algebroid, then the (trivial) double vector 
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bundle 



E 



E 



M > M 

is a Vi3-Courant algebroid. 

Example 3.1.3. Let g be a Lie algebra. Then 

0X0* » { 



is a Vi3-Courant algebroid, where x g* carries the quadratic form induced by the natural 



pairing and the double vector bundle structure is as in Example |2.5.1 
Proposition 3.1.1. Suppose that 



E 



E 



V 



M 



(3.1.3) 



is a VB-Courant algebroid. Then the following facts hold. 
1. The pairing on E is linear. That is, the map 

E > V E*" 



C 



V* 



E 



M 



E 



C* 



M 



(3.1.4) 

defined by the pairing (-, ■) is an isomorphism of double vector bundles, where C — )■ 
M is the core o/E. 

In particular, the core C-^MofEis canonically isomorphic to V* — )■ M. 
2. The anchor map is linear. That is, 

E > V TE > TM 



E 



M 



E 



M 



(3.1.5) 
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is a morphism of double vector bundles. 
3. The Courant bracket is linear. That is 



|rKE,E),r,(E,i?)] crKE,i?), 
[rKE,E),rc(E,E)] crc(E,E), 

[rc:(E,E),rc(E,E)l=0. 



(3.1.6a) 
(3.1.6b) 
(3.1.6c) 



Conversely, if (3.1.3) is any double vector bundle such that E zs a Courant algebroid 



such that Eqs. 3.1.6 holds and Eqs. (3.1.4) and (3.1.5) are morphisms of double vector 



bundles, then K is a VB -Courant algebroid. 

Proof. 1. First we show that the pairing is hnear. This is equivalent to showing that 
the map : E — )■ E*'' defined by the pairing satisfies 

0?v>fe^(+iE/v)) ^ gr(+E*y/C')> (3.1.7) 
where C is the core of E. Since E is a Vi3-Courant algebroid, the relation 

gr(+E/y) : E X E E (3.1.8) 
is a Courant relation, in particular, it is isotropic. Hence 

0?v>fe^^(+E/v)) ^ ann^(gr(+E/y)). 



But gr(+En//c*) = aiin''(gr(+E/y)), by definition, which implies Eq. (3.1.7) 



Since the pairing identifies E with its dual double vector bundle E*f, it identifies 
the core of E with the core V* ^ M oi E*^ . In particular, this implies that 

(x, c +E/y Oe/e) = {qw./v{x), c) (3.1.9) 

for any x G E and c G C. 
2. Next, we show that the anchor map is linear. Let 

gi{+E/M) -.ExE-^E 
denote the graph of addition for E, and 

gri+TE/TAi) := T{gi{+E/M)) -.TExTE TE 
denote the graph of addition for TE, viewed as a vector bundle over TM. Since 



(3.1.8) is a Courant relation supported on the submanifold gr(+£;/M) ^ E^, it 
follows that 

a(gr(+E/v)) C T{gT{+E/M)) = gri+TE/TM), 

which in turn shows that a : E — )■ TE is a morphism of double vector bundles. 
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3. Finally, we show that the Courant bracket is linear. A section a G r(E, E) is linear 
if and only if 

a® a ~gr(+E/v) (3.1.10a) 

Since gr(+E/i/) is a Courant relation, the Courant bracket of two sections satisfying 
Eq. (3.1.10a) also satisfies Eq. (3.1.10a), which implies Eq. (3.1.6a). Meanwhile, a 



section r G r(E, E) is a core section if and only if 



r © Oe/E ~gr(+E/v) ^ • 



(3.1.10b) 



Taking the Courant bracket of (3.1.10a) and (3.1.10b), we see that 



cr,r 







E/S ~gr(+E/v) I"' 



Hence [a, r] is a core section, which proves Eq. (3.1.6b). Finally, from Eq. (3.1.10b) 



and the commutativity of addition, we see that a second core section r' G rc(IE, E) 
satisfies 







r ~ 



gr(+E/v-) 



r. 



(3.1.10c) 



Taking the Courant bracket of this expression with (3.1.10b), we see that 







E/_E 







E/S ~gr(+E/v) r > 



r, r 



In other words, |r, r'] = Oe/^;, which implies Eq. (3.1.6c). 



Now we prove the converse. Suppose (3.1.3) is a double vector bundle and E — )■ is 



a Courant algebroid. Suppose further that Eqs. 3.1.6 holds and Eqs. (3.1.4) and (3.1.5) 



are morphisms of double vector bundles. We must show that 



gr(+E/y) C E X E X E 

is a Dirac structure with support on gr(+£;/A/). 

As explained above, Eq. (3.1.4) is a morphism of double vector bundles if and only if 



,.)(gr(+E/y)) ^ gr(+E*y/c-) := ann''(gr(+E/y)), 



(3.1.11) 



holds where 



E — 7- E^ is the map defined by the pairing. Since the pairing is 



non-degenerate Eq. (3.1.11) must be an equality (rather than a strict inclusion). In 
particular, 

gr(+E/y) C E X E^ 

is Lagrangian. 

Now r(E, i?) is spanned by the linear and core sections, while gr(+E/y) is spanned 



by linear and core sections of the forms found in Eqs. 3.1.10 Hence Eqs. 3.1.6 show that 



sections of the form |3.1.10| are closed under the Courant bracket. Since the anchor map 
is linear, we have 

a(gr(+E/y)) CTgr(+£;/M), 



which shows that the C°°-linear span of sections of the form 3.1.10 is also closed under the 
Courant bracket. Therefore gr(-|-E/y) is involutive with respect to the Courant bracket. 

□ 
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Remark 3.1.1. Gracia-Saz and Mehta showed that morphisms of double vector bundles 



can be characterized in terms of linear and core sections (see 45, Lemma 2.8]). Thus 



Eq. (3.1.4) is a morphism of double vector bundles if and only if 



{ri{E,E),Ti{E,E))CCr{E), 
{riiE,E),Tc{E,E))CC^(E), 
{Tc(E,E),Tc(E,E)) = 0, 



(3.1.12a) 
(3.1.12b) 
(3.1.12c) 



where C^{E) := Ti{R x E,E) = T{E*) denotes the set of linear functions on E, and 
C^iE) := rc(M X E,E) = q*j^/^jC°°{M) the set of fibrewise constant functions. Here 
Qe/m : -E — )■ M is the bundle projection. 

Similarly, Eq. (3.1.5) is a morphism of double vector bundles if and only if 



a{riiE,E))CTi{TE,E), 
a(rc(E,E)) crc(TE,E). 



(3.1.13a) 
(3.1.13b) 



Definition 3.1.2. Suppose that 




is a double vector subbundle of a VS-Courant algebroid. If L C E is also a Dirac structure 
with support on S, we call it a VB-Dirac structure with support on S. When S = E, we 
simply call it a VB-Dirac structure. 

Every V-B-Courant algebroid has two distinguished Vi3-Dirac structures (with sup- 
port): 



Proposition 3.1.2. Suppose that 



E 



E 



Qe/v 



V 



M 



is a VB-Courant algebroid. Then 

1. Ec := ker(gE/y) is a Dirac structure. Moreover, for any a G Vi{K,E) and t G 
Ti{Ec, E), we have 

la,T\eTi{Ec,E). (3.1.14) 



2. The subbundle V <^'E is a Dirac structure with support on M <Z E. 
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Proof. 1. Since C E is spanned by the core sections, the fact that it is a Dirac 



structure follows immediately from Eqs. (3.1.6c) and (3.1.12c). 



Given a G ri{E,,E) and r G ri{E,c,E), choose a decomposition 



7 '^i • 



where each fi is a linear function on E and each r,; G rc(E, i?) is a core section. 
Then 

i 

Since is a core section, the second term on the right hand side certainly lies in 



Ti(Kc,E). Moreover, since Eq. (3.1.6b) implies that |cr, Tj] is a core section, we 
also have fila,Tij G ri{Ec,E). 

2. Let gr(— E/y) = {(x, Xi, X2) \ x+e/v^i = ^2} be the graph of subtraction in E — )• V^. 
Since it is just a permutation of gr(+E/y), it defines a Courant morphism 

gT{~E/v) : E X 1 E. 

Let Ea C E X E denote the diagonal, viewed as a Courant relation from the trivial 
Courant algebroid to E x E. Since V = gr(— E/y) o Ea is a clean composition of 
Courant relations, its graph V C E is a Dirac structure with support. 

□ 

Example 3.1.4. Let g be a Lie algebra and f) C g a subalgebra. Then 



[) X ann(f)) 



0X0 



C 



is a Vi3-Dirac structure of the Vi3-Courant algebroid described in Example 3.1.3 



Vi3-Dirac structures have some important properties, which we collect in the following 
proposition. 

Proposition 3.1.3. Suppose that 



W 



E 



V 



c 



E 



M 



E 



M 



is a VB-Dirac structure. Then 
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is an CA-vector bundle. In particular, L ^ E and W ^ M are Lie algebroids, 
and L ^ W is a Lie algebroid morphism. 

2. the core of L is ann(l^) C V*. 
Proof. 1. Since E is a V;B-Courant algebroid, 

gr(+E/v) : E X E E 
is a Courant morphism. It follows that 

g^i+L/w) = gr(+E/y) nL^ -.LxL^ L 

is an involutive subbundle of L, and hence a Lie algebroid relation. Hence L'^'*^ is 
an £^-vector subbundle. 

2. Let Cl denote the core of L. Dualizing the inclusion 



W 



Cl 

E > M 



C 



E 



E 



V* 



V 



M 



we get the projection 



E 



V 



V* 

E > M 



L*y 



W* 

E > M 



whose kernel is L. Restricting to the cores yields the map V* — >■ VF*, whose kernel 
is ann(H^), the core of L. 

□ 

Remark 3.1.2. Suppose 



W 



E 



V 



c 



E 



M 



E 



M 



is a Vi3-Dirac structure. While the restriction of the Courant bracket to L projects to a 
bracket on W , the Courant bracket on E does not (in general) project to a bracket on 
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V. Indeed, let a' : V* ^ E he the restriction of the anchor map 



E 



V* 

E > M 



V TE 
a 



E 



E 



TM 



M 



to the core. Then for any 7 G T{E*), qK/v{sL*d{'j, ■)) = a'*7. Hence, if a G Ti{E,E), and 
r G Tc{E,E), then 

gE/y((7, ■)^) = 0, but gE/y([c^, (7, + 1(7, = (f^,^)a'*7- 

In fact, the Courant bracket on E projects to a bracket on V if and only if a! : V* ^ E 



is trivial (as is the case, for instance, in Example 3.1.3). 



It is well known that Courant algebroids over a point are just quadratic Lie algebras. 
Vi3-Courant algebroids over a point are characterized similarly. 

Proposition 3.1.4. The only VB- Courant algebroids 

E > V 



E 



M 



such that E = * is a single point are of the form given in Example 3.1.3\ In this case 



the only VB-Dirac structures in E are of the form given in Example 3.1.4 



Proof. Since E = *, the Courant algebroid E must be a quadratic Lie algebra. Moreover, 



the core sequence (2.5.9) becomes the short exact sequence of vector spaces 



V* ^E^V, 

which is split by the inclusion V E, of the zero section. Thus E = © as a 



vector space. Proposition |3. 1.2] then show that V and V* are transverse Lagrangian Lie 
subalgebras. It follows that the quadratic form on V" © V"* is given by the canonical 



pairing. Moreover, Eqs. 3.1.12 show that V* is an abelian ideal. Therefore 



E ^ X 0* 

for some Lie algebra g. Hence there is a one-to-one correspondence between Lie algebras 
and Vi3-Courant algebroids over a point. 
Suppose 

L > W fl X s* > Q 



C 
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is a VS-Dirac structure. Then W = L f] q is identified with a subalgebra P) C g. Since 
the core of L is ann(W^) = ann([)), we must have L = f) x ann(f)). So V-B-Dirac structures 
of X 0* are in one-to-one correspondence with subalgebras of q. □ 

The above example shows that Vi3-Dirac structures of Vi3-Courant algebroids have 
a surprisingly simple structure when ii^ = * is a point. In general, they can be more 
complicated, but we still have the following proposition. 

Proposition 3.1.5. Suppose that K is a VB-Courant algebroid and 



E 



W 



M 



E > V 



C 



E 



M 



(3.1.15) 



is a Lagrangian double vector subbundle. Let := q^jy(W) denote the restriction of 
E to W. The total quotient ofE,\w by L defines a morphism of double vector bundles 



E 



9E/y 
w ^ W 



V* 



E 



M 



W* 



M 



M 



W* 



id 



id 



M 



(3.1.16) 



such that 



(i) the restriction q\v* '■ V* — )■ W* of q to the core o/E|vi/ is dual to the inclusion 
W ^ V, and 

(a) for any x,y E Kw, we have 

{x, y) = {q{x), qE/v{y)) + {q{y), qE/v{x)). (3.1.17) 

In this way, there is a one-to-one correspondence between Lagrangian double vector sub- 



Eq. (3.1.17). 



bundles of the form (3.1.15), and surjective morphisms of the form (3.1.16) which satisfy 



Proof. Proposition 2.5.2 states that there is a one-to-one correspondence between double 



vector subbundles L C E with side bundle W <^ V, and surjective morphisms (3.1.16). 



We need only show that this correspondence relates Lagrangian L to morphisms (3.1.16) 
such that (i) and (ii) hold. 

Now = ann(iy) C V*. Let F = E\w/ann{W), and let Q : F E be the 
canonical reduction relation, namely 



y ~Q X <^ X E E|vi/, ?/ G F, and y = x mod ann(Vr). 
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Let T be the set of double vector subbundles L' C F with side bundles E and W ^ and 
E be the set of double vector subbundles L C E with side bundles E and W satisfying 
ann(iy) C L. The map 

{L' ^QoL'):T (3.1.18) 



is a bijection. Moreover, since Q C E x F is a Lagrangian relation, (3.1.18) identifies the 
Lagrangian double vector subbundles. 

The double vector subbundle L' := ker(g)/ ann(iy) is Lagrangian if and only if (ii) 
holds. In this case L is Lagrangian, and Proposition 3.1.3 implies that the core of L is 
ann(iy). Therefore the kernel of qy*^ the restriction of q to the core of EIvk, is ann(iy). 
This implies that (i) holds as well, establishing the desired correspondence. □ 



By Proposition 3.1.3, if L C E is a V-B-Dirac structure (3.1.15), then the side bundle 



W carries a Lie algebroid structure. The following proposition describes the Lie algebroid 
bracket on W in terms of the Courant bracket on E and the map g : E|t^ — )■ W* described 



in Proposition 3.1.5 



Proposition 3.1.6. Suppose that 




C 



E 



E 



Qe/v 



V 



M 



is a VB-Dirac structure, and let q : E,\w — > W* be the morphism (3.1.16) described in 



Proposition \3.1.5 

Suppose that cr, r G r(iy) are two sections, and a, f G Ti{K,E) are lifts, i.e. the 
following diagrams commute: 



E 



Qe/v 
w ' W 



E 



cr 



Qe/v 
w > W 



E 



Qe/m 



M 



E 



T 



Qe/m 



M 



Then 

-r] = qE/v a'* {q{a) , r) , 

where a' : V* ^ E denotes the restriction of the anchor map 



E 



V* 

E > M 



V TE 
a 



E 



E 



TM 



M 



to the core. 
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Proof. Recall the Vi3-Dirac structure Ec := ker(gE/y) described in Proposition 3.1.2 Let 
a', t' G Ti(Ec, E) be chosen so that ^(o"') = q{(y) and g(r') = q{f). Thus a — cr' G Ti{L, E) 
and f — r' G Ti[L, E). Hence, we have 

[a,r] =q^/v{^ -a',f- r'j 

=qE/v{l^,n - l^,r'j + lr,cr'j + fa', r'j - a*d{a',f)) 
=qE/v{l^,rj - a*d{a',f)), 



where the last line follows from Eq. (3.1.14). Dualizing the anchor map 



T*E 




we see that a'* : E* ^ V is the restriction of a* : T*E — ?■ E to the vertical side bundle. 
Thus qE/v o a* = a'* o qT*E/E*, which yields the equation 



, r] = gE/vIo", r] - a'*qT*E/E*d{a', r). 



By Eq. (3.1.12a), we see that (cr', r) is a linear function on E, and 

qT*E/E*d{a',f) eT{E*) 

is its partial derivative along the fibres of E. Therefore, after identifying linear functions 
on E with sections of E*, 

qT*E/E*d{a',f) = (o-',f). 

It follows that 



qE/vl^,fj - a'*(a',f) 
qE/vl^,rj - a'*{q{a'),qE/vr) 
gE/y[5-,r] - a'*(g(a-),r). 



where the second line follows from Eq. (3.1.17). 



□ 



3.2 Lie 2-algebroids 



In this section, we briefly discuss the supergeometric interpretation of VB-Courant alge- 
broids. 



Definition 3.2.1 (Severa 



110 



). A Lie 2-algebroid is a degree 2 NQ manifold. 
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Remark 3.2.1. Lie 2-algebroids are a generalization of 2-term Loo-algebras, which first 
appeared in the work of Schlessinger and Stasheff 104 on pertubations of rational ho- 
motopy types. Roytenberg showed that Courant algebroids are a special case of Lie 
2-algebroids (99|[l00|[l02] f] 



Proposition 3.2.1. There is a one-to-one correspondence between Lie 2-algebroids and 
VB- Courant algebroids. There is a one-to-one correspondence between wide Lie subal- 
gebroids of a Lie 2-algebroid and VB-Dirac structures in the corresponding VB- Courant 
algebroid. 



Proof. Let X be a degree 2 NQ manifold, then T*[2]X is a degree 2 s ymplectic NQ 
manifold, which by the results of Roytenberg and Severa 



100 



108 



110 



corresponds to 

a Courant algebroid E (see Remark 2.2.6 for a short summary of this correspondence). 
Now consider the graph of addition in the cotangent fibres 



gr(+) : T*[2]X x T*[2]X T*[2\X. 



Since gr(+) C T*[2]X x T*[2]X x T*[2]X is a Lagrangian iVQ-submanifold, it corre- 
sponds to a Courant relation 

gr(+') : E X E — > E 



defining a second vector bundle structure on E. Therefore, by Definition 3.1.1 E is a 
Vi3-Courant algebroid, fitting into the diagram 



E > V 



E > M 



where E is the base of T*[2]X, V[l] is the 1-truncation of X, and M is the base of X. 

Next, recall that a wide Lie subalgebroid of X is a degree 1 NQ submanifold A[l] C X 
over the base M {wide refers to the fact that A[l] has the same base space as X). Then 
the conormal bundle ann[2](Ty4[l]) C T*[2]X is a L agrangian XQ -submanifold wi th bas e 

(also see Remark 2.2.6), 



100 



108 



110 



E. Hence, by the results of Roytenberg and Severa 
it corresponds to a Dirac structure L C E. Moreover, since ann[2](TA[l]) is a subbundle 
of T*[2]X, L is a subbundle of E — )■ l^, and hence a VS-Dirac structure 



The converse is proved by reversing the above construction. 



□ 



^Roytenberg [99 102 first showed this for the Courant algebroid TM. For the general case, Severa 



realized the correspondence independently 108 110 
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3.3 Further examples 



Example 3.3.1 (String Lie 2-algebra). Suppose g is a Lie algebra. Let (S^g*)^ denote 
the space of invariant symmetric bilinear forms on q. Then 



(S X Q*) X {S^Q 



is a Vi3-Courant algebroid. The left vertical arrow is a bundle of quadratic Lie algebras, 
where the quadratic form is just the natural pairing between q and Q*, and the bracket 
at 5f G (S'^0*)8 is defined by 

[(e, /i), iv, ^)] = {[^,V],^4^ - adj/i + g'[^, v]), 

where ^^rj G g, fi, u G g* , ad^ denotes the contragredient of the adjoint representation, 
and : g g* is the map 

Given a quadratic Lie algebra (D, {■,■)), Baez and Grans [8,33 constructed a 1- 
parameter family of Lie 2-algebras, which is often called the string Lie 2-algebra in 
the literature. Let : M ^ {S^^Y be given by = t{-, ■). The Vi3-Gourant algebroid 



corresponding to the string Lie 2-algebra via Proposition 3.2.1 is the pull-back Gourant 
algebroid x r) x (S^rY), 

(()©()*) X M * d 



That is the bundle of quadratic Lie algebras over M whose bracket at t G M is 

[(e, /i), iv, i^)] = ([e, v], [e, ^] + v] +t[^,v]), 

for ^,1] G D, fijU E d*, and we have used the quadratic form to identify d with d*. The 
quadratic form on (l) © c)*) is given by the natural pairing. 

Example 3.3.2 (Grossed modules of Lie algebras). A crossed module of Lie algebras 
consists of 

• a pair of Lie algebras (g, f)), 

• an action of g on f), and 

• a 0-equi variant Lie algebra morphism 5 : f) — )■ g. 
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satisfying the Peiffer identity 



The abehan Lie algebra q* acts by translations on the affine space f)* via the map 6* : 
0* — 7- f)*. Since 5 : f) — g is equivariant, this action is compatible with the contragredient 
action of g on f)*. Hence, the quadratic Lie algebra c) := g x acts on f)*. Since 

we see that 

(a;(0, a;(r^)) = /i(5(r/) ■ ^ - 6(0 " v), ^,^7 G f). 

Therefore, the Peiffer identity implies that the stabilizers are coisotropic. Let E = (g x 
0*) X f)* be the corresponding action Courant algebroid. 



As described in Example 2.5.1 E is naturally a double vector bundle 

E ^0 




and it is clear that the pairing and the Courant bracket satisfy the conditions of Propo- 
sition 3.1.H so E is a Vi3-Courant algebroid. 

Example 3.3.3. Let A — )■ M be a Lie algebroid. Then A (B A* is a Courant algebroid 
over M, with bracket given by 

|(ai,/ii), (a2,/U2)l = ([ai,a2],£ai/U2 - '-aa'^A/Ul), 

for ai G T{A) and fii G T{A*). Here dA : r(AM*) ^ r(A*+M*) is the Lie algebroid 
differential, Ca = K,c?a], and for any a G T{A), La : r(AM*) -> T{^—^A*) is the 
derivation extending the pairing between A and A* . 

Viewed as a double vector bundle. A® A* becomes a Vi3-Courant algebroid. 



A® A* 



M 



A 



M 



Example 3.3.4 (Standard Courant algebroid over a vector bundle). Suppose E ^ M 
is a vector bundle. Consider the double vector bundle 



TE 



TM ®E* 



E 



M 
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constructed as the direct sum of the tangent and cotangent double vector bundles, 



(Ti?)-^'*^ and {T*E)-^''^^, described in Examples 2.5.2 and 2.5.5, respectively. The standard 



lift, described in Example |2.2.14[ of the relation 

gT{+E/M) : E X E --^ E 

is naturally identified with 

gr{+TE/TMs,E*) -.TExTE TE. 

Hence the latter is a Courant relation. Therefore TE is a V-B-Courant algebroid. 
The double vector subbundles TE^^^^: 



TE 



E 



TM TE 
C 



M 



E 



TM®E* 



M 



and T*Ef^'P: 



T*E 



E 



E* 



M 



C 



TE 



E 



TM®E* 



M 



2.2.10, 


2.5.2 


and 


2.5.5 



3.4 Tangent prolongation of a Courant algebroid 



Let E be a Courant algebroid over M. In 11 Boumaiza and Zaalani showed that TE — )■ 



TM carries a canonical Courant algebroid structure. In this section we recall this so- 
called tangent prolongation of Courant algebroids in the context of VS-Dirac structures. 



Recall from Example 2.5.4 that any section a G r(E, M), defines two sections ac, ot G 
r(TE,TM) called the core and tangent lift of cr, respectively. Note also that {cr^;, a^-} is 
a local basis for TE — TM whenever {cr*} is a local basis for E — )■ M. 

Proposition 3.4.1. The tangent bundle TE of a Courant algebroid E — )■ M , 

TE » E 



TM 



M 
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carries a unique Courant algebroid structure over TM such that the pairing and bracket 
satisfy 



{a, r)c {ac, tq) 








{aT^Tr) = {(t,t)t {aT,Tc) = {o-,t)c {(JcTt) 
|crr, Trj = la, rjr far, Tcj = {cr, rjc {ac, tt} 

and the anchor map satisfies 

a^ar) = a(a)T a((Tc) = a(cr)c, 

for any sections a,T E r(E, M). With this structure, TE is a VB-Courant algebroid. 



(3.4.1a) 
(3.4.1b) 



Proof. The fact that TE — )■ TM is a Courant algebroid follows from Proposition A. 0.3 
in the Appendix. The fact that TE is a Vi3-Courant algebroid follows from Proposi- 
tion [3Xn □ 

Remark 3.4.1. Let X be the degree 2 symplectic NQ manifold corresponding to the 



Courant algebroid E via the equivalence described in 100 , 110| (the correspondence is 



also summarized in Remark 2.2.6). The symplectic structure on X defines a bundle 



isomorphism TX = T*[2]X. Since T*[2]X carries a canonical symplectic structure, this 
isomorphism endows TX with a symplectic structure [29|. Moreover, the tangent lift of 
the Q structure to TX is compatible with this symplectic structure, so TX is a degree 



2 symplectic NQ manifold. Under the equivalence described in 100,110 , it corresponds 
to the Courant algebroid TE. 

Remark 3.4.2. One may define the pairing and anchor map without reference to core and 
tangent lift sections. If 

a 

E TM 



M 



M 



is the anchor map for E — )■ M, the anchor map for TE — ?► TM is obtained by applying 
the tangent functor. 



TM 




TM 



Meanwhile, as reviewed in Example 2.5.6, (TE)*'' = T(E*). The fibre metric on E 
defines an isomorphism Q{.,.) : E — t- E*, which lifts to an isomorphism of double vector 
bundles 

(ig(.,) : TE ^ T(E*) = {TE)*y 
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via the tangent functor. This latter isomorphism defines the metric on the fibres of 
TE TM. 

Example 3.4.1. Suppose that E = is a quadratic Lie algebra. Then TE = TD := D ikD, 
where the bracket and pairing are given by 

for ^,^',11,7]' G d. 

Example 3.4.2 (Tangent Lift of a Dirac structure (with support)). Suppose that i? C E 
is a Dirac structure with support on a submanifold S C M, then it follows immediately 
from Eqs. (3.4.1a) and (3.4.1b) that TR C TE is a Vi3-Dirac structure with support on 
TS C TM. 



Example 3.4.3. Bursztyn, Cavalcanti and Gualtieri 13 described a reduction procedure 
for an exact Courant algebroid E — )■ M. One may interpret part of their construction as 
defining a Vi3-Dirac structure L C TE (with support), as we shall now explain. 

Let Q be the Lie algebra of a Lie group G acting on M. Suppose there is a given 
vector space a carrying a bilinear bracket [■,■]: a x a —> a, together with a surjective map 
a : a — !■ 3 satisfying 

• [ai, [a2, as]] = [[ai, aa], ag] + [03, [ai, as]], for ^i, 02, e a 

• a([ai,a2]) = [a(ai), a(a2)], for ai,a2 G a, and 

• [01,02] = 0, for ai,a2 G ker(a). 



The pair (a, [■,■]) is called an exact Courant algebra over g in 13 . We denote the abelian 
Lie algebra ker(a) C a by P), and note that q = a/f) acts naturally on P). Suppose further 
that there are given maps p : a — )■ r(E) and Q^{M) such that the following 

diagram commutes 



P 

r(E) 



— 
p 



(3.4.2) 



where pig—)- X^(M) is defined by the G action, and p : a — )■ r(E) intertwines the 
brackets. 



As explained in [13], axioms cl) and c2) for the Courant bracket (Definition 2.2.5) 
imply that sections a G r(E) act on E via the 'adjoint action': 



a->|a,-l. 
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Thus (3.4.2) defines an action of tlie Courant algebra a on E. Suppose tliat P) acts 
trivially, that is 

HO, -1 = 

for all ^ G [) (or equivalently u takes values in closed forms, i.e. z/([)) C fll^^M)), and the 
induced action of the Lie algebra q = a/f) on E integrates to an action of G. In [13], such 
data is called an extension of the action of q on M to E. 

Let K cKhe the distribution spanned by p(a), and its orthogonal. For simplicity 
we shall assume that K and are both of constant rank. Suppose P is a leaf of the 
distribution a.{K + K-'-) C TM on which G acts freely and properly, and suppose that 
z/(f)) has constant rank along P. 

Let F C TP be the integrable distribution spanned by p(0). Let 



L > TE > E 

C 

F > P TM > M 



be the double vector subbundle which is spanned by the G-invariant linear sections 

{aT\a eT{K^\pf} 

and the core sections 

{rc\re V{K)}. 

Since K-^\p is a G-invariant bundle of constant rank, it follows that 

rank(L, F) = rank(K) + rank(ir^) = rank(E) = - rank(TE, TM) 

where rank(L, F) and rank(TE, TM) denote the rank of the vector bundles L ^ F and 
TE — > TM. As we shall explain, the proof of fW, Theorem 3.3] shows that L is a 
Vi3-Dirac structure with support on F C TP C TM. 

First of all, L is isotropic: it is clear that (ut, tq) = {a, t)c = for any a G V{K-^\p)'^ 
and r G r(i^:). Moreover, if ^ G 0, x G P and a, cr' G T{K^\p)° then 

(aT,cr^)(p(0U)=P(0-(^,OU = 0, 

by G-invariance. Since F is spanned by p{q) and L — )■ P is a half-rank subbundle of 
TE — > TM, it follows that L is Lagrangian. 

Next, we show that L is involutive. Suppose that ^ G a and a, a' G r(E) extend 
G-invariant sections of K-^\p. Then 



= ( m) + a(a') (p(0 , a) + a(a) (p(e) , a') 
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which vanishes along P since a\p is G invariant and (p(^),cr)|p = (p(^),cr')|p = (as 
explained in 13 ). Hence [a, o"']|p is again a G-invariant section of K^. It follows that 



Pt,(^tI\f = 1(J,(tIt\f 
is a section of L. Moreover, since a\p is G-invariant, 

[p(Oc,aTl|F=Ip(O,^lc|F = 0. 

But r{K\p) is spanned by the sections p(^)|p for ^ G a. It follows that L is involutive. 

Bursztyn, Cavalcanti and Gualtieri prove 13, Theorem 3.3] that L fl TK^ defines 
a foliation of K-^, and that the leaf space naturally carries the structure of a Courant 
algebroid. This suggests that Vi3-Dirac structures are closely related to the reduction of 
Courant algebroids. We shall explore this in more detail in Section |6.1 



Chapter 4 

pseudo-Dirac structures 



4.1 pseudo-Dirac structures 



In this section, we relate V^B-Dirac structures in TE to structures in E itself, which we 
call pseudo-Dirac structures. 
Let 

L > W TE > E 



C 



TM 



M 



TM 



M 



(4.1.1: 



be a Lagrangian double vector subbundle of TE, and denote by q : TE|vy — )■ W* the 



morphism (3.1.16) of double vector bundles defined in Proposition 3.1.5 Define the map 

V : fi°(M, W) n\M, W*) 

by 

Va = g((TT), aeT{W). (4.1.2) 
Proposition 4.1.1. The construction above defines a one-to-one correspondence between 



Lagrangian double vector subbundles (4.1.1) and pairs (W^V) consisting of a subbundle 
WOK together with a map 



satisfying 



V : n^{M, W) ^ n\M, w* 



Vifa) = fVa + df®{a,-), 
d{a,r) = (V(T,r) + (a,Vr), 



(4.1.3a) 



for any a,T E T{W) and f G C°^(M). 



66 
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Proof. Suppose that V is defined by Eq. (4.1.2), and a G r(l^). Then 



V(/a) = qiifaW) 

= f(lM + df q{ac) 
= fVa + df^{a,-) 



(4.1.4a) 



(4.1.4b) 



where (4.1.4a) follows from Eq. (2.5.11), and the equality in (4.1.4b) holds since the 
restriction of q to the core, g|E : E — W* is dual to the inclusion C E. 



Next, suppose that a, r G r(W^). Then by Eq. (3.1.17), we have 

d{a, t) = (ar, tt) 

= {qM,T) + (a,g(rT)) 
= (Va,r) + (a,Vr) 



(4.1.5a) 
(4.1.5b) 



where (4.1.5a) follows from Eq. (3.4.1a), while (4.1.5b) follows from Eq. (3.1.17). Thus, 
we have shown that Eqs. 4.1.3 holds. 



Conversely, suppose that V : n^{M,W) n\M,W*) satisfies Eqs. |4.1.3[ We will 
apply Proposition 3.1.5 to construct the Lagrangian subbundle L C TE: 

Since Eq. (4.1.3a) holds, the calculation (4.1.4) shows we can extend the core map 
E — > W* (dual to the inclusion C E*) uniquely to a map q : TE|vi/ — )■ W* via 
Eq. (|4T2|. 



Next we, show that Eq. (3.1.17) holds. The calculation (4.1.5) shows that Eq. (3.1.17) 
holds when x = ax and y = Tt- Next, the fact that q extends the core map 

E W* 



implies that Eq. (3.1.17) holds when x = ctt and y = tq- Finally, Eq. (3.1.17) holds 
trivially when x = ac and y = tc- 



Thus the assumptions of Proposition |3.1.5| are satisfied, so there exists a unique 
Lagrangian subbundle L C TE corresponding to the map of double vector bundles q : 
TE|vK — > W* . Moreover, by construction, V satisfies Eq. (4.1.2) for the map q : TEj^y — )■ 
W* corresponding to this L. □ 

Definition 4.1.1. Suppose E — t- M is a vector bundle with a bundle metric (■, ■), and 
C E is a subbundle. A map V : fi°(M, W) n\M, W*) satisfying 

V(/a) = /Va + rf/®(a,-), (4.1.6a) 
d{a, t) = (Va, r) + {a, Vr), (4.1.6b) 



is called a pseudo-connection for W. 

Given a smooth map (p : N ^ M, the pull-back pseudo- connection 
(p*E is defined by 

(0*V)x0V = 0*(V,<^(x)a), 
where a G r(l^) and X G TN. 



'V for (l)*W C 
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Remark 4.1.1. Let E M he a fibre bundle. The idea of interpreting connections 
on E as subbundles of TE goes back to Efiresmann [39]. In the special case where 
— )■ M is a vector bundle, Pradines [97] (Ehresmann's student) noted that there was 
a second vector bundle structure on TE, and studied certain double vector subbundles 
of it (providing applications to the study of jets). Later, Konieczna and Urbahski |61j 
interpreted certain double vector subbundles of TE as linear connections on — )■ M, 
and explored the compatibility of the connection with a metric on E M 

For a subbundle C E of a Courant algebroid, modifying the Courant bracket using 
a pseudo-connection. 



[a,r]:=|a,r]-a*(Va,r), a,rGr(iy), 



(4.1.7) 



defines a r(E)-valued bracket on sections of W. 



Lemma 4.1.1. Suppose thatK M is a Courant algebroid and V is a pseudo-connection 



for the subbundle C E. Then the modified bracket (4.1.7) is skew symmetric. 



Proof. Axioms (c3) for the Courant bracket (see Definition 2.2.5) implies that, for any 
(T, r G r(iy), we have 

[a, r] + [r, a] = fa, r] + |r, aj - a* ( Va, r) - a* ( Vr, a) 
= a*d(a, r) - a* (Va, r) - a* (Vr, a) 
= 0. 



Here the final equality follows from Eq. (4.1.6b). 



□ 



Using the modified bracket, we define a 'torsion' tensor for the pseudo-connection, 
T(a,r,t;) = (VaMr-VaMfT-[a,r],t;), a,T,veT{W). (4.1.8) 



Proposition 4.1.2. Equation (4.1.8) defines a skew symmetric tensor. That is, T E 
TiA^W*). 



Proof. First we show that T is cyclic in its arguments. Combining Eqs. (4.1.7) and (4.1.8) 
yields 

T(cr, r, V) = (Va(a)^ - Va(r)0" " W, t],v) 

= (Va(a)^ - Va(r)Cr - |cr, t] + a* ( VcT, t) , t;) 

= (Va(a)r - Va(r)fT + a*(V(T,r),t;) - a{a){T,v) + (r, la,v}), 
where we used axiom (c2) for the Courant bracket in the last line. Hence 
T{a,T,v) = (Va(<x)^ - Va(r)cr,^^) + (Va(t;)cr, t) - a(cr)(r,'u) + (r, la,v]) 

= (Va(<x)1" - Va(r)0^, v) + (Va(i,)CX, t) - (Va(a)^, v) - (t, W ^(a)V) + (t, [(T, vj) 
= (Va(t;)Cr - Va(^)l^ + [cT, i;] , t) - ( Va(r)Cr, t;) , 
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where we used Eq. (4.1.6b) in the second hne. Finally, using Eq. (4.1.7) again, we get 

T(cr, r, v) = (Va(i,)0- - Va(a)V + W, v],r) 

= (Va(i,)0- - Va(<x)^^ - [V, Cr], t) 

= T{v,a,T), 



where we used Lemma 4.1.1 to obtain the second equality. 

Lemma 4.1.1 implies that T is skew symmetric in the first two arguments, and since 
it is also cyclic, it must be totally skew symmetric. Moreover, it is manifestly tensorial 
in the last argument, and hence tensorial in all its arguments. □ 

Lemma 4.1.2. Suppose thatK M is a Courant algebroid and V is a pseudo-connection 
for the subbundle W ^ K. Let L C TE be the Lagrangian double vector subbundle 
corresponding to (WjV) via Proposition 4-i-i The modified bracket (4.1.7) takes values 
in T{W) if and only if 

lTi{L,E),Tc{L,E)jCT{L,E). 

Proof. Given a, r G r(iy), suppose a G Ti{L,E) is g^/viz-related to cr. Since the core of 
L is W-^, any core section of L — )■ is of the form •jc £ ^c{L, E) for 7 G V{W-^). Note 
that [a, 7c] G T{L,E) if and only if (|a,7cl,rT) = 0. But 

(4.1.9a) 



(4.1.9b) 



= (^([c^, lie + 15- - (Tt, 7c1), r) 



(K7I 



a(7) 



(T,r) 



= (7,-Ia,r]+a*(Va,r)) 

where (4.1.9a) follows from Eqs. (3.1.12b) and ( |3.1.17[ ), and the equality (4.1.9b) holds 
since a G T{L,E). So lTi{L, E),Tc{L, E)] C T{L,E) if and only if ( |4.1.7| ) is a well 
defined bracket on r(iy). □ 

Proposition 4.1.3. Suppose that V is a pseudo-connection for the subbundle C E, 
and that the modified bracket (4.1.7) takes values in r{W). Let L C TE be the Lagrangian 



double vector subbundle corresponding to (14^, V) via Proposition 4- 1-1 
• The following expression: 

^(a, r, v) ={[a, r],Vv) + {[v, cr], Vr) + ([r, v], Va) 

+ dT{a, r, i;), 

for (T,T,v G r(l^), defines a skew symmetric tensor on W . That is, 

^ G n\M, A^W*). 
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• L is a Dirac structure if and only if = 0. 

Proof. Let Lc = TKc H L, where TKc is the vertical subbundle of TE — )■ TM, as 
defined in Proposition 3.1.2[ Then Lemma 4.1.2 imphes that lTi{L, E),Tc{L, E)] C 
Ti{Lc,E), and hence lTi{L, E),Ti{Lc, E)} C Ti{Lc,E). Since L is Lagrangian, we also 
have lTi{Lc, E),Ti{L, E)] C Ti{Lc,E). Therefore, for a, f e Ti{L,E), the expression 
iL/wl^y f] only depends on qL/w°^ and Ql/w ° ^- Consequently, if a,f,v E Ti{L, E) are 
g^/H/ related to cr, r, t; G r(W^), the expression 

- r], {)) G ViiTM x M, TM) = n\M) (4.L10) 



suring the involutivity of L, which we shall now calculate directly. To simplify notation, 
we let a' = a — ax, t' = f — and v' = v — Vt, and remark that a', r', v' G Ti{Lc, E). 
Moreover, since q{d) = q{f) = q{v) = 0, by Eq. (4.1.2) we have 

q(a') = -V(a), g(r') = -V(r), q{v') = -V{v). (4.1.11) 

Plugging these into ^, we get 

-^{a,T,v) ={la,fj,v' + Vt) 

= - {[a, r],Vv) + {{a, tJt + K, r'l + {a', r^] + r% Vt) 
= - ([a, t],Vv) + r]T, t;^) - {{a, vJt, r') + (|r, t;!^, a') 

+ a(aT)(r',t;T) -a(rr)(a',i;T) +a(t;T)(cr',rT) + {{a' ,t'Ivt) ■ (4.1.12) 

To obtain the last line we rearranged terms using axioms (c2) and (c3) for a Courant 
algebroid (see Definition 2.2.5). Using (c2) and (c3) again, we notice that {{a' ,t'},vt) = 
{a*d{T',VT),cr') — {si*d{a',VT),T') + {T', lvT,cr'}), and the third term vanishes since [t;^, o"'] G 
T{TEc,E). Next, using Eqs. ( |3.1.17D and ( |4.1.1lD notice that {a',VT) = (V(t,i;) and 
hence a*d{a',VT) = a*(Vcr, t;)^- Substituting the corresponding expressions for various 
permutations of cr, r and v into Eq. (4.1.12), we get 



- {[cx,r],Vv) + (Ia,rlT,M - {lcT,vh,r') + ([r, t;lr, ^x') 

- a(crr) ( Vr, t;) + sl{tt) ( Va, i;) - a(t;T) ( Vo", tt) 

- (a*(Vr,t;)T,a') + (a*(Va, t;)^, r). 



Using the definition (4.1.7) of the bracket, we get 

-^(a, T,v)=- {{[a, r], Vt;) + {[v, a], Vr) + ([r, v],Va)) 
+ d{[a, t],v) + rf(Va(t,)CX, r) 

-a((TT)(Vr,t;) + a(rT)(Va,i;) - a(i;T)(V(T, r). (4.1.13) 

Now a(crr) ( Vr, t;) = £a(o-) ( Vr, t;) = c?(Va(o-)r, t;) + i.a{a)d(VT,v). Substituting the 
corresponding expression for various permutations of a, r and into Eq. (4.1.13), we get 



^(a, r, t;) =([(T, r], Vt;) + {[v, a], Vr) + ([r, i;], Va) 

+ i^8L{a)d{VT, v) + iaHC?(Vo-, r) + La(r)d{Vv, (t) 
+ (ir(cr, r, t;). 



(4.1.14) 



□ 
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Remark 4.1.2. If W C E is quadratic, then a pseudo-connection is simply a metric 
connection on W. Using the identity 

c?(Vr, i;) = {Rt, v) - (Vr A Vv), 



where R G fi^(M, o(W)) is the curvature tensor, one may rewrite Eq. (4.1.14) as 

^((T,r,t;) = La(^a){Rr,v) + L^(^){Ra,T) + L^(^^){Rv,a) + {VT){a,T,v). (4.1.15) 

So, in this case, G r2^(M, A^iy*) can be expressed entirely in terms of the curvature 
and torsion of the connection. 

Remark 4.1.3. Suppose that C E is a subbundle carrying a pseudo-connection such 



that the modified bracket (4.1.7) takes values in r(W^). The tensor \E' can be understood 



as an obstruction to the modified bracket (4.1.7) satisfying the Jacobi identity. Indeed, 
for 0", r, t; G r(14^), we have 

[a, [r, v]] + [t, [v, a]] + [v, [a, r]] = -a*^(a, r, v). 

Definition 4.1.2. Suppose E — )■ M is a Courant algebroid. A pair, {W, V), consisting of 



a subbundle ly C E together with pseudo-connection V for 14^ C E (cf. Definition 4.1.1) 
is called a pseudo-Dirac structure in E if 

• the modified bracket ( 4.1.7[ ) takes values in r(Ty), and 

• the tensor ^ G fi^(M, A^*) defined by 

^((T, r, v) =([a, r], Vv) + {[v, a], Vr) + ([r, v], Va) 

+ l^8L{a)d{VT, V) + 6a(t;)C?(VcT, t) + l^^-r)d{Vv, a) (4.1.16) 

+ dT{a, r, v), 
for <7,T,v G r(iy) vanishes. 



The terminology in Definition |4.1.2| will be justified by the following theorem, which 
summarizes many of the results above. 

Theorem 4.1.1. Suppose K ^ M is a Courant algebroid. 

• If {W, V) is a pseudo-Dirac structure for E, then 

[a,T] := |a,rl-a*(Va,r), a,TeT{W), 
defines a Lie algebroid bracket on W . 

• There is a one-to-one correspondence between VB-Dirac structures 



Ql/w 
L > W 



C 



TM 



M 



TE 



TM 



E 



M 



(4.1.17) 



and pseudo-Dirac structures in E. Under this correspondence, the map Ql/w '■ L — > 
W is a Lie algebroid morphism. 
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Proof. Propositions 4.1.1 and 4.1.3 establish a one-to-one correspondence between VB- 
Dirac structures of the form (4.1.17), and pseudo-Dirac structures (W^, V) in E. 

Now, suppose that L C TE is a Vi3-Dirac structure. Proposition 3.1.3 imphes that L 
is a VB-Lie algebroid, and that there exists a unique Lie algebroid structure on W ^ M 
such that the map q^/w : L ^ W is a Lie algebroid morphism. Let 

[-,■] : T{W) X T{W) T{W) 

denote the corresponding Lie bracket on sections of W. For any sections a, r G r(Vr), 
the sections crT,TT G r(TE) are g^/vK-related to a and r, respectively. Thus, by Propo- 



sition 3.1.6 



[a, t] = qL/wlcTT, tt] - a*{q(TT, tt) 
= qL/wh, -tIt- a*(V(T, r) 
= |a,rl-a*(Va,r), 



where q : L ^ W* is the map (3.1.16) defined by Proposition 3.1.5, and V is the pseudo- 
connection defined by Eq. (4.1.2). Therefore Eq. (4.1.7) defines a Lie algebroid structure 
on W, and qL/w : L ^ W is a. Lie algebroid morphism. □ 

Remark 4.1.4. Suppose A is a Lie algebroid (with bracket [■, ■] and anchor a), (-, ■) is a 
metric on the fibres of A, and V is a metric connection on A. Then 

la, t] := [a, r] + a*(Va, r), a, r G T{A), 

defines a Courant bracket on A if and only if 

• a o a* = (A acts with coisotropic stabilizers). 



the 'torsion' tensor (4.1.8) is skew symmetric, and 



a*\l> = 0, (where \l/ is defined in terms of the curvature and torsion by Eq. (4.1.15)). 



Indeed axiom (c3) for a Courant bracket (see Definition 2.2.5) holds since V is a metric 
connection, axiom (c2) holds if and only if the 'torsion' tensor is skew symmetric, and 
axiom (cl) holds if and only if a o a* = and a*\l/ = 0. 

It is perhaps more natural to require that \1/ = 0, in which case (^, V) is embedded 
as a pseudo-Dirac structure in the corresponding Courant algebroid. 

Proposition 4.1.4. Suppose that {WjV) is a pseudo-Dirac structure in the Courant 
algebroid E. If a,T E T(W) satisfy Vo" = Vr = then 

• V|o-,r] = 0, and 

• ^1 = ^] ■ 

That is, the 'flat' sections ofW form a Lie algebra with respect to the Courant bracket. 

Proof. First, if Va = 0, then [a, r] := [a, r] - a*(V(T, r) = [a, r]. 

Next, let L C TE be the Vi3-Dirac structure corresponding to {W, V). By Eq. (4.1.2), 
we see that Vo" = if and only if ctt G T{L,E). Therefore, (Tt,tt G r{L,E), and thus 
[cTy, rr] = [a, r]r G r(L, E). In turn, this shows that V[a, r] = 0. □ 
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4.1.1 Examples 



Example 4.1.1. If C E is a Dirac structure, then after endowing W with the trivial 
pseudo-connection, {W, 0) is a pseudo-Dirac structure corresponding to the Vi3-Dirac 
structure L = TW C TE (see Example [3A2|. 



Example 4.1.2. If {W, V) is a pseudo-Dirac structure for the Courant algebroid E, then 
(W, —V) is a pseudo-Dirac structure for E. 

Example 4.1.3. If d is a quadratic Lie algebra, then any Lie subalgebra g C c) is a 
pseudo-Dirac structure. 

Example 4.1.4 (Action Courant algebroids). Suppose D is a. quadratic Lie algebra which 
acts on a manifold M with coisotropic stabilizers. In this explained by Mein- 

renken and the author in |64j, the bundle d x M is naturally a Courant algebroid (see 



Example 2.2.12 for details). If f) C t) is any subalgebra, then (f) x M, d) is a pseudo-Dirac 
structure in c) x M, where d is the standard connection on the trivial bundle D x M. As 
a Lie algebroid, (f) x M, d) is isomorphic to the action Lie algebroid, as can be seen by 
comparing ( 4.1.7[ ) with ( |2.2.7 ). 



The following is a special case of the last example. 
Example 4.1.5 (Dirac Lie groups). Dirac Lie groups for which multiplication is a mor- 



phism of Manin pairs were classified in 65 , 66] (see also 55 , 92 for a different setting 



There it was shown that the underlying Courant algebroid can be canonically trivialized 
as an action Courant algebroid A = qx H (see Example 2.2.12), and the Dirac structure 
is a constant subbundle E = g x H under this trivialization. 

As such, D X H and Q x H both define pseudo-Dirac structures in A. Moreover, if 



r C q is the Lie subalgebra transverse to q described in 65, Section 3.2], then x x H 
describes a pseudo-Dirac structure which does not correspond to any Dirac structure in 



Example 4.1.6 (Cotangent Lie algebroids). Suppose that T*M carries the structure 
of a Lie algebroid with anchor map a' : T*M — )■ TM. Then W = gr(a') C TM is a 



pseudo-Dirac structure, where the pseudo-connection is defined by Eq. (4.1.7). That is 

(Va, (3) = C^'(a)(3 - i^'{i3)da - [a, /3]. 

Since T*M is a Lie algebroid, TM carries a linear Poisson structure with a bivector 
field TT e X2(rM). The graph of 7r« : T*TM TTM, 

L = gr(7r») G TTM = TTM 

is the V-B-Dirac structure corresponding to the pseudo-Dirac structure (T^M, V) 
This example arises in q-Poisson geometry. Severa and the author 



66 



showed that 



given any q- Poisson {g(BQ, 0A)-structure on a manifold M (see Example 2.2.15 for details), 
T*M carries the structure of a Lie algebroid. Of significance is that T*M cannot generally 
be identified with a Dirac structure in any exact Courant algebroid, which contrasts the 
case of a Poisson structure on M. However, both Poisson and q-Poisson structures on 
M endow T*M with the structure of pseudo-Dirac structure, as we shall soon explain in 



more detail in Example 4.1.7 
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4.1.2 Forward and backward images of pseudo-Dirac structures 

The properties of Dirac structures which allow you to compose them with Courant re- 
lations extend to pseudo-Dirac structures, as we shall explain in this section. Indeed, 
morally, any procedure for Dirac structures carries over to the more general pseudo-Dirac 
structures, since the latter are in fact just Dirac structures in the tangent prolongation 
of the Courant algebroid. Special cases of composing with Courant relations include 
forward and backward Dirac maps, or restricting a Dirac structure to a submanifold. 



Recall from ^65j (or Remark 2.2.6) that a Courant relation R : E --->■ F between two 
Courant algebroids E — )■ M and F — >■ is a Dirac structure i? C F x E with support along 
a submanifold. In particular, a Dirac structure L C E is a Courant relation L E, 
where * is the trivial Courant algebroid. 

If two Courant relations i?i : Ei E2 and R2 '■ E2 Ma compose cleanly, then 



their composition R20 Ri : Ei --->• Ms is a Courant relation (see 65, Proposition 1.4]). 
Furthermore: 



Proposition 4.1.5 ( [65| Proposition 1.4]). Suppose thatK — )■ M and¥ — )■ are Courant 
algebroids and R : K ¥ is a Courant relation. 

• If E (1 K is a Dirac structure which composes cleanly with R and the subbundle 
F C F supported on all of N satisfies F = Ro E , then F CF is a Dirac structure. 

• If F (1 F is a Dirac structure which composes cleanly with R and the subbundle 
E <ZF supported on all of M satisfies E = F o R, then E (IF is a Dirac structure. 

Suppose now that (W, V) is a pseudo-Dirac structure in the Courant algebroid E, and 
R : F — ->• F is a Courant relation with support on S" : M N. Let L C TF be the 



Vi3-Dirac structure corresponding to (VF, V) (c.f. Theorem 4.1.1). From Example 3.4.2 



we see that TR : TF --->• TF is a Vi3-Dirac structure with support on TS : TM --->■ TN. 

Definition 4.1.3. We say that R : E — ->• F composes cleanly with the pseudo-Dirac 
structure {W, V) if TR : TF --->• TF composes cleanly with L. 

Assume that the composition TR o T is clean, and equal to a subbundle L' C TF 
supported on all of TN. Then the Proposition above shows that L' is a VS-Dirac 
structure, which in turn corresponds to a pseudo-Dirac structure (W', V) in F (c.f. 



Theorem 4.1.1). In this case, we write 

{W',V) =Ro{W,V), 

and call it the forward image along i? : E --->■ F. 

Conversely, suppose we instead start with a pseudo-Dirac structure (W', V) in E 



corresponding to a VS-Dirac structure L' C TF (c.f. Theorem 4.1.1) 



Definition 4.1.4. We say that R : E — ->• F composes cleanly with the pseudo-Dirac 
structure {W, V') if TR : TE TF composes cleanly with L'. 



Chapter 4. pseudo-Dirac structures 



75 



Assume that the composition L' o TR is clean, and equal to a subbundle L C TE sup- 
ported on all of TM. Then the Proposition above shows that L is a V-B-Dirac structure, 



which in turn corresponds to a pseudo-Dirac structure {W, V) in E (c.f. Theorem 4.1.1). 
In this case, we write 

{W, V) = {W\ V) o R, 

and call it the backward image along i? : E --->• F. 

The following proposition describes a useful equation satisfied by the pseudo-connections 
associated to forward and backward images of a pseudo-Dirac structure along a Courant 
relation. 

Proposition 4.1.6. Suppose (VT, V) and iW' ^V) are pseudo-Dirac structures in the 
Courant algebroids E — )■ M and ¥ ^ N, respectively. Let L C TE and V C TF he 
the respective VB-Dirac structures corresponding to {W^V) and {W^V) (c.f. Theo- 
rem 4-i-i). Suppose R : E --->• ¥ is a Courant relation over S : M ---»■ A^, and that the 



intersection 

{L' xL)nTR 

is clean. Then for any section (cr', a) G T(W' x W) satisfying 

{a',a)\ser{{W' xW)nR), 

and any element 

{X; (A', A)) eTSxM{iW'xW)nR), 
the following equation holds: 

{{PM^')x<y\ A') = ((p^V)x^, A). (4.1.18) 
Here p^V and p^/V are the pull-hacks of the respective pseudo-connections along the 



natural projections p^ : N x M ^ N and pm : N x M ^ M (c.f. Definition 4. 1.1). 
Proof. Let 



q : T(F x E) 



W'xW 



-> [W X wy 



be the map defined in Proposition |3.1.5| corresponding to the Lagrangian double vector 
subbundle L' x L C T(F x E). Now the Vi3-Dirac structure L' x L corresponds to th e 
pseudo-Dirac structure (W' x W, (— V) © V) (c.f. Theorem 



4.1.1 



and Example 



4.1.2) 



Thus, by Eq. ( |4T2| ), for any section {a', a) E T{W' x W) and any X E T{N x MjTwe 
have 



q{a'T,aT)\x = {{-V) ®V)^{a',a) = { - ip%V)xcy',ipl,V)xcj). 
Next, by the clean intersection assumption, 

{L' xL)r]TR > {W xW)nR 



(4.1.19) 



TS 



S 
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is a double vector subbundle of T(F x E). Thus for any 

(X; (A', A)) eTSxM{iW'xW)nR), 

there exists a pair (A', A) G {L' x L) fl TR which is simultaneously mapped to both X 
and (A', A) by the respective bundle maps, as pictured in the following diagram: 

(A', A) >(A',A) {L'xL)nTR > {W x W) n R 

e 

X TS > S 



Additionally, for any (a', a) G T{W' x W) satisfying ia',a)\s G T{{W' xW)nR), 

ia'T,aT)\TseT{TR,TS). 
Consequently, since TR is Lagrangian, 

(K,aT),(A',A)) =0. (4.1.20) 



Since (A', A) G {L' x L), we have q{X', A) = 0. Hence, Eqs. ( |3.1.17[ ) and ( |4.1.20[ ) imply 
that 

(gK,aT),(A',A)) = 0. 
Combining this equality with Eq. ( |4.1.19[ ) yields 

which proves the proposition. □ 

Now we specialize to the case where i?:E--->-Fisa Courant morphism supported 
on the graph of a map : M — )■ iV. Suppose that (W', V) is a pseudo-Dirac structure 
in F which composes cleanly with R : E F, and ran(i?) + (f)*W'-^ = </)*¥. 

Since {W, V) composes cleanly with R, the intersection (j)*W' fl ran(i?) C 0*F is 
a smooth subbundle. Since R is supported on the graph of a map (p : M ^ N, the 
subbundle 

W :=]¥' o RCE 
is well defined with support on all of M. 

Lemma 4.1.3. There is a bundle map \E' : — )■ (j)*W' , uniquely determined by the 
equation 

(^'(A),A) G 

for every X G Wx- 
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Proof. The proof is entirely analogous to that of 16, Lemma 7.2] for Dirac realizations. 
Consider the relation R' : W W , supported on the graph of : M — > A^, defined by 

R' ■.= Rr]{(f)*W' X W). 

We will show that R' is the graph of a bundle map : W ^ (j)*W', i.e. the natural 
projection R' ^ W is an isomorphism. 

First, we establish surjectivity: let A G W^. Since W := W o i?, there exists some 
A' G such that the pair (A', A) G R{^{x),x)- 

Next we establish injectivity. Suppose there exists A" G such that the pair 

(A", A) G R{4>(x),x)- Then (A" - A', 0) G i? n (0W x 0). However, 

{R n (0W X 0))^ = (ran(i?) + x E = F x E. 

Hence R n (0W x 0) = and A" = A'. □ 
In this case, Eq. ( |4.1.18 ) specializes to 

V = ^* o (0*V') o m. 

Let L C TE and L' C TF be the V-B-Dirac structures corresponding to the pseudo- 
Dirac structures (IV, V) and {W',V). As an intersection of involutive subbundles, it is 
clear that 

TR n {V xL)= gr(T^) 

is a Lie subalgebroid of L' x L. In particular, the intersection gr(\E') = gr(T\E') fl {W x W) 
is a Lie subalgebroid of W x W. Thus 

^ : ly ^ ly' 

is a morphism of Lie algebroids. 

Example 4.1.7 (q-Poisson structures and Cotangent Lie algebroids). Suppose that D is 
a quadratic Lie algebra, g C is a Lagrangian Lie subalgebra, and 

R : (TM,TM) 

is a morphism of Manin pairs. That is to say, R defines a q-Poisson 0)-structure on 
M, as in Example 2.2.15 In particular, R defines an action p : g x M — )■ TM of q on M. 

If f) C 3 is any subalgebra transverse to q, then ran(_R) + [)^ = d,soF = i)oR<Z TM 
is a subbundle transverse to TM. Moreover, (F, V) is a pseudo-Dirac structure, where 

Vcr = prfpV, a G r(F), 

and we have used the metric to identify f) = g*. Thus, any choice of Lie subalgebra f) C I) 
transverse to q endows T*M = F with the structure of a Lie algebroid so that both 

p* : T*M f), 
p : X M -> TM 
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are morphisms of Lie algebroids. 



This extends 128, Proposition 6.1] (see also [17]) for the case where f) is Lagrangian. 
Notice that, if f) is Lagrangian, then V = and F is Lagrangian, so F is a Dirac 
structure. Moreover, since F is transverse to TM, F = gr(7r'') for a Poisson bivector field 
TT G j£^(M). In addition to this, (f ,0, f}) forms a Manin triple, whence we see that g is a 
Lie-bialgebra. In fact, the action p : g x M — )■ TM defines a Lie-bialgebra action on the 
Poisson manifold M, as shown in [l7,128 . 

This also extends 66 , Theorem 1] , where t is a quadratic Lie algebra, d = t © I, 
= {a is the diagonal subalgebra, and f) = © I. 



Remark 4.1.5 (Supergeometric Interpretation). Recall from [T7||10 9] that the category of 
Manin pairs is equivalent to to the category of Poisson principal M[2] bundles, P — )■ -E*[l], 



over degree 1 A^-manifolds (see Remark 2.2.8 for a short summary). 



The following table lists some one-to-one correspondences between structures asso- 
ciated with a Manin pair (E, E) and the corresponding Poisson principal ]R[2] bundle 
P E*[l]. 



Manin pair: (E, E) 


Poisson principal ]R[2] bundle: P ^ E* 


Lagrangian subbundles F C E trans- 
verse to E. 


Flat connections on P. 


Dirac subbundles F C E transverse to 
E. 


Flat connections on P such that the con- 
nection one-form 6 G f2^(P, ]R[2]) satis- 
fies 

[9,0] = 0, 

(where the bracket is the graded Koszul 
bracket Eq. (2.2.5)). 


pseudo-Dirac structures (F, V) C E 
transverse to E. 


Connections on P such that the connec- 
tion one-form 6 G f2^(P, ]R[2]) satisfies 

[9,9] = 0. 



The first two correspondences are explained in 17,109 . For the third correspondence, 
suppose that the section 9 : P T*[2]P is a connection one-form. Then [9, ^] = if and 
only if the image of the section 

F := 9{P) C T*[2]P 
is Q invariant. In this case, the reduced submanifold 

F[l] := F/M[2] C r*[2]P//iM[2] 



is Q invariant, i.e. F[l] corresponds to a pseudo-Dirac structure via Proposition 3.2.1 
It is transverse to E since F[l] is the graph of a map F*[l] — )■ T*[2]P/iM[2]. 

Conversely, suppose 9o : F*[l] — )■ r*[2]P/i]R[2] is a section whose image is Q- 
invariant. Let 9 : P ^ T*[2]P be the unique lift to an ]R[2] invariant section at moment 
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level 1. It is clear that the image of 6* is Q invariant, so it defines a connection satisfying 
[9,9] = 

Suppose that 6' is a connection one-form on P — )■ E*[V\ satisfying [6*, 9] = 0. Then the 
corresponding Hamiltonian vector field Xq is an ]R[2] invariant homo logical vector field. 
The induced Q structure on E*[l] corresponds to the Lie algebroid structure on F = E* . 
Meanwhile, the curvature d9 G M[2]) defines a metric on the fibres of E* via 

{a, r) = L.^L.^d9, a,r E T{E*), 



where l„ G j£(i?*[l]) is the vector field defined in Remark 2.2.5 This is precisely the 
restriction of the fibre metric on E to F = E*. Finally, the pseudo-connection V : 
fi°(M, E*) n^{M, E) is given by the formula 

(Vcr, r) = LrdLad9. 

Suppose that 

P ^ P' 



E*[l]^E'*[l] 

is a morphism of Poisson principal ]R[2] bundles corresponding to the morphism of Manin 
pairs 

R : (E,E) (E',F')- 
Additionally, suppose that 9' G i7^(P', ]R[2]) is a connection one-form satisfying 

[e\ 9'] = 0, 

corresponding to a pseudo-Dirac structure (W', V) in E' transverse to E'. 

Then 9 := ^*9 is a connection one-form on P satisfying [9, 9] = 0. It corresponds to 
the pseudo-Dirac structure (F, V) := (F', V) o R. 

Remark 4.1.6. Recall that pseudo-Dirac structures of a Courant algebroid define VB- 
Dirac structures in the tangent prolongation. This is analogous to the fact that if ^ is a 
connection one-form on P — t- F*[1], then 9 defines a degree 2 function t on TP (a fiat 
connection on TP). Moreover [9,9] = if and only if [dt,dt] = 0, i.e. the Lagrangian 
subbundle of TE corresponding to the function t is involutive. 



Chapter 5 

£^-Courant algebroids 



5.1 £^-Courant algebroids 



Suppose that E is a Courant algebroid and consider the tangent prolongation TE of E. 



From Example 2.7.1 we see that TE is an vector bundle. In this section, we explore 
Vi3-Courant algebroids which abstract this property. 

Suppose that 




(5.1.1: 



is both a V^B-Courant algebroid and an £^-vector bundle. Since it is an £^-vector 
bundle, dualizing A over V yields a double linear Poisson structure on 



V 



V 



M 



(5.1.2) 



Since the Poisson structure is double linear, the anchor map 



tt" : T*{A*^) = TA"^*^ TA* 



(5.1.3) 
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defines the morphism of triple vector bundles 



V 



TT 



A 



V 



TV 



TV 



TM 



X 



V 



M 



V 



M 



(5.1.4) 

Dualizing the two triple vector bundles, TA*^*^ and TK*^ (pictured in ( 5.1.4[ )), along 
the X-axis yields TA"^*^"^ and TA, respectively (cf. Example 2.6.3): 

TA > A 



TV 



TM 



V 



TA 



A 



TA 



TA 



V 



TV 



TM 



X 



M 



A 



M 



(5.1.5) 

Meanwhile, by considering the annihilator, 11^ := ann'' (gr(7r'')), of the morphism (5.1.3) 
(pictured in (5.1.4)), one obtains the relation of triple vector bundles 

Ha : TA*^*^*^ TA. 

Definition 5.1.1 (£^-Courant algebroids). The Vi3-Courant algebroid A pictured in 
(5.1.1) is called an CA-Courant algebroid if the relation of triple vector bundles 

Ha : TA*^*^*^ TA 



pictured in (5.1.5) is a Courant relation, where TA is the tangent prolongation of A (cf. 



in ( 


5.1.5) 


2.6.1 


). 



A Vi3-Dirac structure L C A (with support) is called an CA-Dirac structure (with 
support) if it is also a Lie subalgebroid of the Lie algebroid A. A Courant relation 

R : Ai --^ Aa 

between two £^-Courant algebroids is called an £^-Courant relation if i? C A2 x Ai is 
an £^-Dirac structure with support. 

If L has support on all of A, the pair (A, L) is called an CA-Manin pair. A morphism 



R : (Ai,Li 



(A2,L2 



of Manin pairs is called a morphism of £^-Manin pairs if (Aj, Lj) are £^-Manin pairs 
and R is an £^-Courant relation. In particular, R is supported on the graph of a Lie 
algebroid morphism. 
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Remark 5.1.1. The compatibility condition between the Lie algebroid and Courant al- 
gebroid structures in the definition above is based quite closely on the compatibility 
condition for Lie bialgebroids described in j82| Theorem 6.3]. 



Proposition 5.1.1. Suppose that A is an CA-Courant algebroid. Then the map A 
induced by the fibre metric is a morphism of Lie algebroids. 



Proof. The proof, which makes use of the duality functors defined by Gracia-Saz and 
Mackenzie 44 , is found in Appendix [C] □ 



5.1.1 Examples 

Example 5.1.1 (Tangent Prolongation of a Courant algebroid). Suppose that E is a 
Courant algebroid over M, then the tangent prolongation A = TE is a £^-Courant 
algebroid. 

Indeed this amounts to showing that the canonical isomorphism S : TTE — )■ (TTE)-^'*^ 
which identifies the double vector bundle 



TTE 



TE 



TE 



E 



with its diagonal refiection, is an automorphism of the Courant algebroid TTE — TTM. 
For any a G r(E), S preserves the sections utt, ctcc ^ r(TTE, TTM) and inter- 



changes the sections arc with acr- By Proposition |3.4.1[ these sections determine the 
Courant algebroid structure for the double tangent prolongation TTE — )■ TTM. Con- 



sequently, Eq. (3.4.1b) implies that S preserves the Courant bracket on TTE — t- TTM; 



while Eq. (3.4.1a) implies that S is an isomorphism of quadratic vector bundles. It follows 



that 5* is an automorphism of the Courant algebroid TTE — )■ TTM. 
If L C E is a Dirac structure with support on S" C M, then 




is a Vi3-Dirac structure with support on TS C TM (cf. Example 3.4.2). Since TL C TE 
is also a Lie subalgebroid, it follows that TL is a £^-Dirac structure (with support). 



Example 5.1.2. Suppose a Lie group G acts freely and properly by automorphisms 
on a Courant algebroid E. Then G acts freely and properly by automorphisms on the 
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£^-Courant algebroid 



So the quotient, 



TE > E 



TM > M 



TE/G >E/G 



TM/G 



M/G 



is an /:ACourant algebroid. Here TE/G E/G and TM/G M/G are the Atiyah 



Lie algebroids corresponding to the principal G bundles E and M (cf. Example 2.2.7). 



Example 5.1.3. Suppose that 



A 



V 



M 



is a £^-Courant algebroid. Proposition 3.1.2 shows that C A is a VjB-Dirac structure. 
Since it is also (trivially) a Lie subalgebroid, V C A is an £^-Dirac structure. 

Proposition 3.1.2 also shows that Ac := ker(gA/y) is a V-B-Dirac structure. However, 
in general, A^ C A is not a Lie subalgebroid, so it is not an £^-Dirac structure. 

Example 5.1.4 (£^-Courant algebroids over a point). Suppose g is a Lie algebra and 
/3 G ^^(g)^ is an invariant symmetric bilinear form on q*. Let 



0X0 



(5.1.6) 



be the V-B-Courant algebroid from Example 3.1.3 The vector space q* acts on the affine 
space Q via the map 

/9« : 0* ^ 

defined by 

/5«(/i) :=/3(/i,-), /ies*. 
Thus x 5* — > g carries the structure of an action Lie algebroid. With these structures. 



(5.1.6) is a £.4-Courant algebroid. 
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Suppose f) C g is a Lie subalgebra, and 



[) K ann(f)) 



S X S 



C 



(5.1.7) 



is the Vi3-Dirac structure described in Example |3.1.4[ The Lie subalgebra P) is said to be 
(3-coisotropic [65j if 

/3«(ann([))) C f). 



In this case, 



f) X ann([)) f) 



is a Lie subalgebroid of the action Lie algebroid x 0* — S; and (5.1.7) is an £^-Dirac 
structure. 

Remark 5.1.2. An invariant symmetric element /3 G 5'^(g)^ is called a quasi-triangular 



structure for q and the pair (0,/3) is called a quasi-triangular Lie algebra. Drinfel'd 38 



showed that quasi-triangular Lie algebras are in one-to-one correspondence with Manin 
pairs (f,0) together with a Lie algebra ideal I) C d complementary to q (i.e. c) = g © f) 
as a vector space). 



Proposition 5.1.2. CA-Courant algebroids 



V 



over a point are all of the form described in Example B.l.Jf. . Thus there is a one-to- 
one correspondence between CA-Courant algebroids over a point and quasi-triangular 
Lie algebras (g, /3). 

Similarly, any CA-Dirac structure 



W 



0X0 







C 



is of the form described in Example 5.1.4\ for a P-coisotropic Lie subalgebra f) C g. 
The proof can be found in Appendix [Cl 
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Example 5.1.5 (Standard Courant algebroid over a Lie algebroid). Let A be a Lie 
algebroid. Consider the Vi3-Courant algebroid A := TA described in Example 3.3.4 



From Examples 2.7.1 and 2.7.2 we see that both TA^^'p and {T*Ay^'P are £ A vector 



bundles, so their direct sum, 



TA 



A 



TM © A* 



M 



is naturally both an £^-vector bundle and a Vi3-Courant algebroid. 
Since A is a Lie algebroid, A* carries a linear Poisson structure. Let 



A* 



A 



M 



TA* 



A* 



TM 



M 



denote the anchor map for the corresponding cotangent Lie algebroid (cf. Example 2.2.6) 
Taking the horizontal dual yields the relation 



TA 



TM 



A 



M 



TA 



A 



TM 



M 



Courant relation (5.1.5) 



Finally, taking IIirA := Ruo to be the standard lift of Ho (cf. Example 2.2.14) defines the 

TTA 



TTA 



TA 



T{TM © A* 



TM 



TM®A* 



TA 



M 



Hta ^ — 
A TA 
A- 



TM®A* 



T{TM®A*] 



TM 



M 



Thus the relation (5.1.5) (for A = TA) is a Courant relation, which shows that TA is an 
£^-Courant algebroid. 

The double vector subbundles TA^^^P; 



TA 



A 



TM TA 
C 



M 



A 



TM®A* 



M 
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and T*Af^'P: 



T*A 



A 



A* 



M 



C 



TA 



A 



TM ®A* 



M 



are both £^-Dirac structures (cf. Examples 2.7.1, 2.7.2 and 3.3.4) 



Example 5.1.6. Suppose that is a quasi-triangular Lie algebra and g C is a 

/9-coisotropic Lie subalgebra. As explained by Meinrenken and the author in |65| Section 
3.2], there exists a unique Manin pair (q,0) together with a morphism of Lie algebras 
/ : q — )■ () such that / restricts to the identity map on g C q, and 



/(7) = /3, 

where 7 G 5'^(q)'' is the dual metric on q*. 

We now describe a £^-Courant algebroid structure on 



(5.1.8) 



Tq X () 

1 

a — 



for which 



T0 X t) 

i 



i 



C 



Tq X () 

i 



q 

i 



(5.1.9) 



is an £^-Dirac structure. 



First we describe the V-B-Courant algebroid structure on (5.1.9). The tangent lifts 



Pt G S'^iTH)'^^ and 7^ G 5'^(Tq)-^'i, of (3 and 7, are determined by the equations 



= d-f^ : Tq* ^ Tq. 



(5.1.10) 



They satisfy 



dfM = I3t. (5.1.11) 
Let D be the simply connected Lie group with Lie algebra d. The stabilizer of the 



natural TO action on J) = TD/D at the origin is c) C Td. Equation (5.1.10) implies that 

/3^(ann(r))) C d, 

so the stabilizer at the origin is /3T-coisotropic. Since all the stabilizers are conjugate, 



they are all /Sr-coisotropic. As a result, Eq. (5.1.11) implies that the induced action of 



Tq on D = TD/D via the map c?/ : Tq — )■ Td has coisotropic stabilizers. In conclusion. 



(5.1.9) is naturally an action Courant algebroid (cf. Example 2.2.12), whose anchor map 
we denote by a. 
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Next we describe the compatible vector bundle structure on (5.1.9): both 



Tq 



(cf. Example 5.1.4) and the trivial Vi3-Courant algebroid over the vector space t), 



t) — > * 



d — > * 



are £^-Courant algebroids. Thus their direct product, (5.1.9), carries a natural CA- 



vector bundle structure. Moreover, the action of Tq on d is compatible with this CA- 
vector bundle structure, that is (a x a.)(IlTq) C Tijl^). 

Example 5.1.7 (£^-Courant algebroids associated to Dirac Manin triples). A Dirac 



Manin triple 65 ,66) is a triple (5, g; f))/? of Lie algebras together with a symmetric invari- 



ant element /3 e 5^(0)' such that 

• is /3-coisotropic, (i.e. /3^(ann(0)) C g), and 

• 0, f) C are complementary Lie subalgebras (i.e. = g © () as a vector space). 
Let (q,0) be the Manin pair and / : q — )■ c) be the morphism of Lie algebras discussed in 



Example 5.1.6 and described in 65, Section 3.2]. As explained in Example 5.1.6, Tq x 3 



is naturally an £^-Courant algebroid, and 

i i 

d > * 



c 



TqxD 

i 

d — 



is an £^-Dirac structure. 

We now construct an £^-Courant algebroid over f), using the pull-back construction 



from Section 2.2.3 Let i : f) — ?■ be the inclusion, and let 



E. 



{o,g;f));9 



be the pull-back to P), where 



Pi : i\Tq x d) Tqxd 



is the canonically associated Courant relation. 

In summary, we have associated to the Dirac Manin triple {D,q; f))/? the £^-Manin 
pair 

(^(a,g;f))^('-^(o,0;t))^j) 
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over the Lie algebra f). When {3 is non-degenerate, this £.4-Manin pair will be central 
to our integration procedure for q-Poisson (c), 0)-structures. More generally, as we shall 



explain in Example 5.2.2 this £^-Manin pair is the infinitesimal version of the Dirac 
Lie groups associated to (f ,0; f))/?, described in 65,66 . 



Proposition 5.1.3. Let K be a Courant algebroid. CA-Dirac structures L C TTE are 
in one-to-one correspondence with pseudo-Dirac structures {W^ V) in E such that W is 
coisotropic (i.e. W-^ QW) and V restricts to a flat connection on W/W-^. 

Proof. Suppose first that a Vi3-Dirac structure 



L 



W 



TE 



E 



c 



E 



TM 



M 



TM 



M 



is also a Lie subalgebroid over C E. Equivalently, L C TW, 



L 



W 



TW 



W 



c 



w 



TM 



M 



TM 



M 



and L is an involutive distribution. 

Since the core of L is W-^ and the core of TW is W, we must have W-^ C W. 
Moreover, since L is involutive, TW-^ C L. Hence for any a G r(l^-'-), ct G r(-^), and 
therefore V((t) = 0. If r G T{W) then 

(Vr, a) = (Vr, a) + (r, Va) = d(r, a) = 0, 

so Vr G Q{M,W/W-^). Therefore V descends to a connection on W/W-^. Finally, since 
L C TW is involutive, the connection must be fiat. This proves one direction. 

Conversely, suppose that {W, V) is a pseudo-Dirac structure, that W is coisotropic, 
and that the restriction of V to W/W-^ is fiat. Let H C T{W/W^) be the horizontal 
distribution. Then L must be the preimage of H along the map TW — > T{W/W-^). 
As such, it defines an involutive distribution in TW, which implies that L C TE is an 
£^-Dirac structure. □ 



Remark 5.1.3. From Proposition 4.1.4 we see that, if M is simply connected, the fiat sec- 
tions of W/W-^ form a quadratic Lie algebra. That is to say, (W, V) enables us to reduce 
the Courant algebroid E to a Courant algebroid over a point. More generally, in Sec- 
tion 6.1 we will see that £^-Dirac structures in TE (with support provide (infinitesimal) 



reduction data for E. 
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5.2 Poisson Lie 2-algebroids and multiplicative Courant 
algebroids 

In this section, we briefly discuss the supergeometric interpretation of £^-Courant alge- 
broids. 

Definition 5.2.1. A Poisson Lie 2-algebroid is a degree 2 NQ manifold carrying a com- 
patible Poisson structure of degree -2. (Compatibility means the flow of the homological 
vector field, Q, preserves the Poisson structure). 

Proposition 5.2.1. There is a one-to-one correspondence between Poisson Lie 2-algebroids 
and CA-Courant algebroids; and a one-to-one correspondence between coisotropic NQ 
submanifolds of a Poisson Lie 2-algebroid and CA-Dirac structures with support in the 
corresponding CA-Courant algebroid. Moreover, the coisotropic NQ-submanifold is a 
wide Lie subalgebroid if and only if the corresponding CA-Dirac structure has full sup- 
port. 

Proof. Suppose first that 

1 1 
M 

is an £^-Courant algebroid. Let 

A[1,1]^V[0,1] 

1 i 
A[1,0] > M 



denote the double vector bundle whose horizontal and vertical fibre degrees are shifted 
by (1,0) and (0,1) respectively (see 
core fibres is shifted by (1, 1)). 
A A defines a degree (— 1, - 



42,85 for details). (Note that the degree of the 



As explained in Remark 2.2.6, the metric on the fibres of 
2) Poisson structure on A[l, 1]. 
Since A is a Vi3-Courant algebroid it corresponds to a degree (0,2) A^Q-manifold 
X, by Proposition |3.2. 1 By construction, the Courant algebroid A corresponds to the 
degree (0,2) symplectic A^Q-manifold T*[0,2]X, and T*[0,2] A[0, 1] is a minimal 



symplectic realization (see 100,110 or Remark 2.2.6 for a details). Taking the degree 



shift into consideration, we see that the map T*[l, 2]X A[l, 1] is a minimal symplectic 
realization. 

Now, the Lie algebroid structure on A induces a degree (1, 0) homological vector field, 
Q'^, on A[l, 1] (see [7| |116 or Remark 2.2.5 for details). Now, by Proposition 5.1.1 the 
Lie algebroid structure on A — )■ is compatible with the metric on the fibres of A — > A, 
that is Q'^ preserves the Poisson structure on A[l, 1]. Since the correspondence between 
the symplectic manifold T*[l, 2]X and A is natural, this implies that lifts canonically 
to a degree (1,0) homological vector field on T*[1,2]X, compatible with the symplectic 
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structure. The corresponding Hamiltonian tt G C°°(T* [1,2]) is a degree (2,2) function 
satisfying 

{7r,7r} = 0, 

namely it defines a degree —2 Poisson structure on X. 

It remains to show that the Poisson structure on X is compatible with the homological 
vector field on X. To keep track of the gradings, we view X as a degree (0, 2, 0) NQ- 
manifold. We need to show that the anchor map for the cotangent Lie algebroid 

tt" : T*[Q,2,1]X T[0, 0, 1]X 

is an NQ-map, with respect to the canonical lifts of the Q structure on X. Equivalently 
the relation 



TTn :=ann(gr(7r«)) C (T*[l, 2, 1]T[0, 0, 1]X) x (T*[l, 2, 1]T*[0, 2, 1]X) 

is an A^Q-submanifold (with respect to the canonical lifts of the Q structure). However, 
T*[l, 2, 1]T*[0, 2, 1]X ^ T[l, 0, 0]r*[0, 2, 1]X while T*[l, 2, 1]T[0, 0, 1]X ^ T[0, 0, 1]T*[1, 2, 0]X. 
Visualizing the first, second, and third gradings as the x, y and z axis, we have 



T[1,0,0]T*[0,2,1]X > T*[0,2,1]X 

T[l,0,0](T*[0,2,l]X)(o_;^ > (T*[0,2,l]X)(o 

T[l,0,0](T*[0,2,llJf)(o,o,l) \ * (7'*[0,2,l]X)((,_o_;^j 



T[l,0,0]X(o 



T[l,0,0]X((,o_o) 



> X, 



(0,1,0) 



(0,0,0) 



T[0,0,1]T*[1,2,0]X > T[0,0,1]X 

T[0,0,l](T*[l,2,0]X)(i_i 0) > T[0,0,1]X(Q 

T[0,0,l](T*[l,2,0]X)(i_g_o) ; > 7'[0,0,l]X(o_o_o) 



(T*[l,2,0]X)(i_l 0) 



> X, 



(0,1,0) 



(T*[l,2,0]X)(io_o) 



(0,0,0) 



Where ^(ij.fc) denotes the truncation of Y to an (i, j, /c) degree manifold. The identifica- 
tions 



A[l,l,0]^(T*[l,2,0]X)(i,i,o) 
41,0,0] ^(T*[l, 2, 0]X)(i,o,o) 



y[0,l,0]^X(o,i,o) 
M = -^^(0,0,0) 
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and 



1,1] 
A[0,0,1] 



(T*[0,2,l]X)(o,i,i) 
(T*[0,2,l]X)(o,o,i) 



\/[0,l,0] ^X(o,i,o) 



M = X, 



(0,0,0) 



identify tj'r with the relation 11 
in 



shown in (5.1.5) under the correspondence described 



110| (and summarized in Remark 2.2.6). In particular, tiji is a Lagrangian NQ 
submanifold if and only if IIa is a Courant relation. This proves the first direction. 
On the other hand, suppose X is a Poisson iVQ-manifold, and let A be the VB- 



Courant algebroid which the equivalence described in Proposition 3.2.1 associates to it. 
The cotangent Lie algebroid T*[2]X is a graded Lie algebroid. Thus A[l] = (T*[2]X)(i) 
is a graded Lie subalgebroid over V[l]. Equivalently, A is a vector bundle. The 
compatibility between the Lie algebroid and Courant algebroid structures on A follows 
from the same argument as above. 
Next, suppose that 

1 i 
A' ^ N 



is a Vi3-Dirac structure in A with support on A' C A. As explained in |110| (see also 



Remark |2.2.6 ), L corresponds to a Lagrangian NQ submanifold Y C T*[2]X. Since 
L C A is a double vector subbundle, Y C T*[2]X must be a subbundle, which implies 
that it is the conormal bundle 

Y = ann[2](Tr) C T*[2]X 

for some XQ-submanifold F C X. Now, L is a Lie subalgebroid of the Lie algebroid 
A — 7- ^ if and only if ann[2](Ty) C T*[2]X is a Lie subalgebroid of the cotangent Lie 
algebroid. Equivalently, y C X is coisotropic. 



Finally, the last statement follows from Proposition 3.2.1 



□ 

Corollary 5.2.1. There is a one-to-one correspondence between integrable CA-Courant 
algebroids and source- simply- connected multiplicative Courant algebroids; and a one-to- 
one correspondence between CA-Dirac structures (with support) and multiplicative Dirac 
structures (with support) in the corresponding multiplicative Courant algebroid. More- 
over, morphisms of CA-Manin pairs integrate to morphisms of multiplicative Manin pairs 
via this correspondence. 



Proof. As described in [93 , this follows directly from Proposition 5.2.1 and the general 



integration theory for Poisson manifolds. In more detail, suppose X is an integrable Pois- 
son Lie-2-algebroid. The source simply connected groupoid Q integrating X is a degree 
2 symplectic manifold. Since the flow of the homological vector field on X preserves the 
Poisson structure, it integrates to a symplectic ]R[— 1] action on Q by groupoid automor- 



phisms, namely a compatible Q structure. By the correspondence described in 100,110 
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between degree 2 symplectic NQ manifolds and Courant algebroids, Q corresponds to a 



multiplicative Courant algebroid (see 66, Section 5.1] for details). 

Similarly, the general integration theory for Poisson manifolds shows that coisotropic 
A^Q-submanifolds of X integrate to Lagrangian A^Q-subgroupoids of i.e. multiplicative 
Dirac structures. 



Finally, the proof of the last statement is found in 66, Proposition 11]. 



Definition 5.2.2. In this case, we say that the corresponding multiplicative Courant 
algebroid G integrates the £^-Courant algebroid A, or G differentiates to A. Simi- 
larly terminology is used for corresponding £^-Dirac structures and multiplicative Dirac 
structures. 

□ 

Example 5.2.1 (Standard Courant algebroids). Let G =^ M be a (source simply con- 
nected) Lie groupoid, and A ^ M the corresponding Lie algebroid. Then the multiplica- 



tive Courant algebroid TG from Example 2.3.1 integrates the £^-Courant algebroid TA 
from Example [5.1.5 



Example 5.2.2 (Dirac Lie groups). Let (3, g; P))/3 be a Dirac Manin triple, and (A(g g 

Then (A(a^g.f,)^, E(a^g.i,)^) 



5.1.7 



the £^-Manin pair from Example 
connected Dirac Lie group described in 65 corresponding to (f,0; f))/?. 



;f))/3>-^(o, 
integrates to the simply 



In more detail, the £^-Courant algebroid (5.1.9) 



Tqxd ^ q 

1 i 
d > * 



integrates to the action Courant algebroid (q © q) x where D is the simply connected 
Lie groupoid integrating d and (q © q) is the pair groupoid. (q © q) acts on D via 

(e,r/)^/(#-/(0^ e,^eq 

where /(O^ ^^id f{^)^ are the left and right invariant vector fields on D with values /(^) 
at the identity. 

Meanwhile, the £^-Dirac structure Tg x D integrates to the multiplicative Dirac 
structure 

(g © 0) X D C (q © q) X 
Finally, the £^-Manin pair (A(5^g;(,)^, £'(5^g;(,)^) integrates to the pullback 



(%,s;h),,^(c),s;f)),) := {^H^ ® q) X D),{{g(BQ) x D) o P, 



where i : H ^ D is the morphism of simply connected Lie groups integrating the inclusion 
[) — )■ c) and Pi and r are as described in Section 2.2.3 
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Example 5.2.3 (Tangent prolongation of a Courant algebroid). The tangent prolonga- 
tion TE of a Courant algebroid E integrates to the multiplicative Courant algebroid 

E X 1, 

endowed with the pair groupoid structure (or, more precisely, to the 'fundamental groupoid', 
the source simply connected cover of E x E) . 
Suppose 

L — >W 

i i 
TM ^ M 

is an £^-Dirac structure in TE such that L C TW is the foliation associated to a 
surjective submersion W — )■ Wq. Let R := W Xw^W he the equivalence relation. Then 
i? C E X E is the multiplicative Dirac structure integrating L. 

Example 5.2.4. Suppose that a Lie group G acts freely and properly on the Courant 
algebroid E, by automorphisms. Then the Courant algebroid 

(E X E) /G, 

where G acts diagonally, is a multiplicative Courant algebroid over E/G. Here the mul- 
tiplication is 

[61,62] ■ [62,63] = [61,63] 

for any (61, 62), (62, 63) G E x E, where [61,62] G (E x E)/G and [62,63] G (E x E)/G 
denote the respective equivalence classes. 



The corresponding £^-Courant algebroid is TK/G, as described in Example 5.1.2 



Remark 5.2.1 (A second supergeometric perspective). £^-Manin pairs are also equivalent 
to MP-algebroids, as introduced in |66]. We recall their definition here. 

Definition 5.2.3 (MP-algebroid) . An MP-algebroid is a graded Lie algebroid P, such that 
P is also an MP-manifold, and 

MPA-1 the Poisson structure on P is linear, defining a Lie algebroid structure on P* (see 
116)), 



MPA-2 the Lie algebroid structures on P and P* are compatible, so that P is a Lie bialge- 
broid (see [8l| [Il9Hl2l] ), and 



MPA-3 the action map P x M[2] — P is a Lie algebroid morphism, where ]R[2] is viewed 
ClS db trivial Lie algebra. 

Morphisms of MP-algebroids are morphisms of Lie algebroids which are also morphisms 
of MP-manifolds. 



Chapter 6 
Outlook 



6.1 Reduction of Courant algebroids 



In this section, we apply the 
the reduction of Courant algi 



theory of £^-Dirac structures and V^B-Dirac structures to 
ebroids. Reduction of Courant algebroids was first studied 
in |g|52||g|85[ig[lT7|[l30|, and further studied in |9)|2l||4l||57||58||Tl8 . 

Recently, a very general and novel approach to reduction in terms of supergeome- 
try has emerged in the work of Bursztyn, Cattaneo, Mehta, and Zambon 12 , 25 , 26 
From such a supergeometric 
submanifolds of the degree 2 



perspective, in Section |6.1.1 we reduce by coisotropic NQ- 
-symplectic A^Q-manifold corresponding to the Courant al- 
gebroid, while in Section 6.1.2 we reduce by presymplectic A^Q-submanifolds. 



6.1.1 Reduction via £^-Dirac structures in TE 

Reduction is a process which lowers the dimensions of a given system through a com- 
bination of imposing constraints and quotienting out by symmetries. For a Courant 
algebroid E, constraints correspond to specifying a subbundle C E, while symmetries 
correspond to specifying a linear foliation of W: that is, an £^-subbundl^ 



[ i 
F ^ S 



c 



TE 



TM 



> E 
i 

M 



(Here L C TEj^y is the subbundle tangent to the leaves of the foliation). We say that 
L is regular if the leaf space, F, is a manifold and the quotient map, p : — )■ F, is a 
surjective submersion. In this section, we show that when L is an £^-Dirac structure 
(with support on F), F is naturally a Courant algebroid. Moreover, the composition 

gr(p) o gr(i)^ : E — > F (6.1.1) 

is a Courant relation, where i : — )■ E denotes the inclusion and gr(i)^ : E W is 



the transpose relation (cf. Section 2.1). 
^By the Frobenius theorem. 
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Before proceeding, we make the following definition, abstracting the properties of the 



Courant relation (6.1.1) 



Definition 6.1.1. Suppose E and F are Courant algebroids, and let pe : E x E — )■ E and 

Pe : F X E — F denote the two projections. A Courant relation 

Q : E — ^ F 

is called a Courant reduction relation if pf|q : Q — 5- F is a surjective submersion, while 
PeIq : Q — ^ IE is an embedding. 

We say that Q has connected fibres if the fibres of pflq : Q ^ ¥ are connected. 

Remark 6.1.1. If two Courant reduction relations Qi : Ei E2 and Q2 : E2 E3 
compose cleanly, then their composition 

is a Courant reduction relation. 
Proposition 6.1.1. Suppose 

L^W TE — >E 

i I ^ i i 

F ^ S TM M 

is a regular CA-Dirac structure (with support). Let F denote the leaf space, and i : W 
E and p : W denote the inclusion and the quotient map, respectively. Then there is 
a unique Courant algebroid structure on F such that 

Ql := gr(p) o gr(i)^ : E — > F (6.1.2) 

is a Courant reduction relation with connected fibres. This defines a one-to-one cor- 
respondence between regular CA-Dirac structures (with support) and Courant reduction 
relations with connected fibres. 

Lemma 6.1.1. Suppose that Q : E — -> ¥ is a Courant reduction relation. Then the 
Courant algebroid structure on ¥ is uniquely determined by the Courant algebroid struc- 
ture on E and the underlying vector bundle relation Q : E — -> F. 

Proof. By definition, the restriction of pe to Q defines an isomorphism 

J ■=Pe\q -.Q^Wq 

where the subbundle Wq C E is the image of Q under pe- Similarly, the restriction of pw 
to Q defines a surjective submersion 

P ■= PfIqoJ'^ : F. 
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Suppose that a, r G r(F) are any two sections, and let a,T E r(E) be any extensions 
oip*a,p*T G T{Wq/W^) to all of E i.e. 

a ~Q a, f ~Q r. 

Since Q is a Courant relation, 

la,fj ~Q Ia,r], 

which shows that the Courant bracket and metric on F are uniquely determined by the 
corresponding structures on E. □ 



Proof of Proposition 6.1.1 =^ In light of Lemma 6.1.1 , it suffices to show that there 



exists a Courant algebroid structure on F such that (6.1.2) is a Courant reduc- 



tion relation. We prove this fact in Proposition 6.1.2 However, here we offer an 



alternative proof which takes advantage of the theory presented in Section |5.2 



Let N denote the base of the vector bundle ¥ ^ N. L integrates to the multiplica- 
tive Dirac structure R = WxyW <^ExE with support ojiSxnScMxM. 

Let a,T E T(¥) be any two sections, and suppose that 5"i, a2, fi, f2 G r(E) are such 
that their restrictions to S are p : W ^¥ related to cr and r, respectively, i.e. 

^Ql ^Ql = 1, 2). 

Then {ai,a2)\sxi,s e T{R) and {fi,f2)\sxj,s e T{R). Hence 

(I^l,nl,Ia2,f2l)|5x.5Gr(i?) 

namely, |cri,fi]|5 and |cr2,f2]|s' are both p : W ^ ¥ related to the same section, 
which we denote by |cr, r] G r(F). In particular, |o", r] doesn't depend on the 
extensions of a, r G r(F) to sections of E. 

Similarly, 

((5-1, era), (fi,f2))|5xjv5 = 0, 

so there exists a unique function, which we denote by (a, r) G C°^(A^), such that 

(5-i,ri)|5 = p*((T,r) 

for i = 1,2. In particular, (cr, r) doesn't depend on the extensions of a, r G r(F) to 
sections of E. 

Since E satisfies the axioms of a Courant algebroid, it follows directly that F en- 
dowed with this Courant bracket and fibre metric does too. Moreover, by construc- 



tion, (6.1.2) is a Courant reduction relation. 



Suppose next that 



Q : E — ^F 
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is a Courant reduction relation with connected fibres. Let p : Wq — )■ F be the 



surjective submersion described in the proof of Lemma 6.L1 



Taking the tangent hft of Q yields the £^-Courant relation TQ : TE TF (cf. 

The zero section F C TF is an £^-Dirac structure with support 

F o TQ defines an £^-Dirac 



Example 5.1.1 



(cf. Example 
structure with support, 



5.1.3). Thus the composition Lq 



[ 

• So 



C 



TE - 

1 

TM 



> E 
i 

M 



Since Lq is defined as the composition of TQ with the zero section of TF — t- F, we 
have 

Lq = keiidp) C TWq. 
Namely, Lq is the subbundle tangent to the fibres of the surjective submersion 

P:Wq^¥. 

By assumption, this submersion has connected fibres, so F is canonically identified 

with the leaf space of Lq C TWq. 
By construction, the £^-vector subbundle L C TIE entirely determines the vector 
bundle relation Ql : E, --->• F, and vice versa. Thus Lemma 6.1.1 shows that the con- 
structions above invert each other, establishing the one-to-one correspondence. □ 

Example 6.1.1. Suppose L C TE is supported on all of TM, and let (ly, V) be the 
corresponding pseudo-Dirac structure in E (cf. Theorem 4.1.1). Proposition 5.1.3 shows 
that V defines a flat connection on the pseudo-euclidean vector bundle W/W-^. Moreover 
if V defines a trivialization of W/W-^ with typical fibre 0, then 



W/W^ 



dx M 



is isomorphic to an action Courant algebroid (cf. Example 2.2.12) for some quadratic 
Lie algebra structure on d. 

In particular, the corresponding reduction of E is the quadratic Lie algebra d. 

The following example is originally due to Courant [28j , but was extended to arbitrary 



Courant algebroids in 18 , 64 



Example 6.1.2. Suppose E — )■ M is a Courant algebroid, and C M is an embedded 
submanifold transverse to the anchor map. Then C = sl~^{TN) C E is a well defined 
subbundle. Let i : N ^ M denote the embedding, and consider the Courant morphism 

Pi : i-E E, 

canonically associated to the pull-back Courant algebroid rE = C/C-^ |64| (cf. Defini- 
tion [2^2^. 
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The transpose relation 



is a Courant reduction relation. 

The corresponding £^-Dirac structure is 



(6.1.3) 




C 



TE 



TM 



E 



E 



M 



where L is the tangent bundle to the fibres of the quotient map C — )■ C jC^ . 

Example 6.1.3. Suppose that a Lie group G acts freely and properly by automorphisms 
on the Courant algebroid E — )■ M. Let F = E/G denote the quotient space. Then the 
quotient map 

p : E — > F 

is a Courant reduction relation. The corresponding £^-Dirac structure, 



E TE 
C 



M 



TM 



E 



M 



is the tangent bundle of the G-orbits. 



The following example is due to Stienon and Xu 114 in the context of reducing 
generalized complex structures. 

Example 6.1.4. Suppose that G is a Lie group acting on a manifold M, and Mq C M is 
an embedded submanifold on which G acts freely and properly. Let N := Mq/G denote 
the quotient space. Let 

Ri : TMo — > TM 



and 



R„ : TMn TN 



denote the standard lifts of the embedding and the quotient maps, i : Mq — )■ M and 



p : Mo — N (cf. Example 2.2.14). Then their composition 



i?p o R} : TM TN, 



is a Courant reduction relation. 
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6.1.2 Reduction via V;B-Dirac structures in TE 

In the last section we considered a reduction procedure for a Courant algebroid E based 
on looking at a £^-subbundle L C TE, and described a sufficient condition which guar- 
anteed that the leaf space inherit the structure of a Courant algebroid. However, this set 
up is not general enough for certain applications. For example, the reduction procedure 
described by Bursztyn, Cavalcanti and Gualtieri |13j does not fit into this framework. 
In this section we will describe a slightly more general framework, the analogue of 



Marsden-Ratiu reduction 83 for Poisson structures. Consider a double vector subbundle 
L C TE: 

L^W TE — > E 

i 1 c 1 1 
E ^ S TM M 

(6.1.4) 

Unlike in the previous section, we will no longer assume that L is a Lie subalgebroid 
(i.e. describes a foliation of W). Instead we will assume that L r\TW is a constant rank 
involutive subbundle, and the corresponding leaf space, F, is a smooth vector bundle 
with base N . We let p : — )• F and po : S N denote the quotient maps. As we shall 
show, if L is a V-B-Dirac structure, then F naturally inherits the structure of a Courant 
algebroid. 

Proposition 6.1.2. Let a,T ^ r(F) and suppose a,f & r(E) are extensions ofp*a and 
p*T respectively, which are tangent to L G E, i.e. 

poa\s = aopo, pof\s = Topo, (6.1.5a) 

and 

^TU,rTU G r(L,E). (6.1.5b) 

If C is a VB-Dirac structure, then there exists a unique section [cr, r] G r(F) and a 
unique function (cr, r) G C°°{N) such that 

P'=>l^,T-j\s = {(^^rjopo (6.1.6a) 

and 

p o (cr, f) = (cr, r) o po- (6.1.6b) 

Moreover, neither |cr, r] nor (cr, r) depend on the choice of the extensions cr,f G r(E). 
Finally, the resulting bracket and pairing on r(F) endowF with the structure of a Courant 
algebroid. 

In this reduction procedure, the double vector subbundle LnTW C E serves to define 
the foliation whose leaf space, F, interests us. The purpose of the larger double vector 
subbundle L C E is to control how one extends sections of F to sections of E. 



The following proof of Proposition 6.1.2 is an adaptation of the proof of 13 Theo- 
rem 3.3]. 
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Proof. We call any section cr g r(E) an L-controlled extension of a G r(F) if Eqs. 6.1.5 
hold. 



First, we show that a section [a, r] G r(F) satisfying Eq. (6.1.6a) exists. The sections 
a, r G r(E) are tangent to L if and only if their respective tangent lifts are sections 



Eq. (6.1.5b) implies 



of L E, i.e. Eq. (6.1.5b) holds. Consequently, since L is a Vi3-Dirac structure. 



[a,f]rU:= laT,rTj\EeT{L,E). 
Since |5",f] is tangent to L (and thus also to L fl TW), it follows that there exists a 



unique section [a, r] G r(F) satisfying Eq. (6.1.6a). 
Similarly, since L is Lagrangian, Eq. (6.1.5b) implies 



{(t,t)t\e ■= {(Tt,tt)\e = 0. 
In particular, d{a, f) = {a, f)r vanishes on E Cl TS, so there exists a unique function 



(a,r) G C^{N) satisfying Eq. (6.1.6b). 



Next, we need to show that |cr, r] and {a, r) do not depend on the choice of L- 



controlled extensions cr, r G r(E). Suppose that r' G r(E) satisfies Eqs. 6.1.5 Since L is 
Lagrangian, Proposition 3.1.3 shows its core must be W-'-: 



E 



W 



S 



c 



TE 



TM 



E 



E 



M 



Meanwhile the core of TW is W, the subbundle of vertical vectors along S C W (cf. 



Example 2.5.4 and Fig. 2.1): 



TW 



TS 



W 



W 



s 



c 



TE 



TM 



E 



E 



M 



Thus the core of L n TW is W nW^. It follows that p*¥ ^ W/{W nW^). Hence 
f := f - f' satisfies f\s G T{W (1 W-^) and tt G r(L, E). Let v G r(E) be any section 
such that v\s € r(I^) and Vt G T{L,E). Then 



a UT 



){f,v)\s-{T, la,vl)\s. 



(6.1.7) 



Now a(W^) C TS and ('r,t;)|s' = 0, so the first term on the right hand side of Eq. (6.1.7) 



vanishes. Furthermore, since [cr, t;]T|£; := [(^t, ^^t] |s ^ r(L,£'), it follows that [a,!;]!^ G 



r(iy), thus the last term in Eq. (6.1.7) vanishes. Since the right hand side of Eq. (6.1.7) 



vanishes, we see that 



la,Tj\seTiw^nW). 
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Since the map p : W ^ ¥ factors through the map W — )■ W/(W fl W-^), we conclude 
that 



This shows that [cr, r] doesn't depend on the choice of L-controlled extension r. 

To sho w that [cr, r] doesn't depend on the choice a, suppose that a' G r(E) satisfies 
Eqs. |6.1.5[ Let (T = a - a', so that a\s G T{W^ D W). Then 



{v,a*d{f,a))\s = a{v){f,a)\s = 

for any section v G r(E) satisfying v\s G r(iy). This shows that SL*d{f,a)\s G T{W-^). 
Now the left hand side of 

la,Tj\s = -lr,^]\s + ^*d{r,a)\s 
lies in r(W^) while both terms on the right hand side lie in r(Vr-'-), so 

la,fj\ser{wnw^). 



We conclude that 

p° i^,ms=p° 

This shows that |a, r] doesn't depend on the choice of L-controlled extension a. 

A similar argument also shows that {a, r) doesn't depend on the choice of L-controlled 
extensions a or f. 

We have shown that r(F) carries both a well defined bracket and a well defined 
pairing. It remains to show that these structures endow F with the structure of a Courant 
algebroid. Since p*¥ = W/(W fl W-^), the bundle metric on F is non-degenerate. To 



show that the bracket on F satisfies (cl) of Definition |2.2.5 (the Jacobi identity), note 



that for any L-controlled extensions a and r of cr G r(F) and r G r(F), respectively, 



I^T,rTlUGr(L,L;) 



so that |cr, f] is an L-controlled extension of |cr, r]. Since the Jacobi identity holds for 
sections of E, it holds (in particular) for L-controlled extensions of sections of F. In turn, 
since it holds for their L-controlled extensions, the Jacobi identity must hold for sections 
of F. Similar arguments establish (c2) and (c3) of Definition 2.2.5 □ 



Remark 6.1.2 (Supergeometric perspective on Proposition 6.1.2). Vi3-Dirac structures in 



TE are in one-to-one correspondence with A^Q-submanifolds of the degree 2 symplectic 



A^Q-manifold X corresponding to E (see Proposition 5.2.1 for details). An analogous 
argument to the one Cattaneo and Zambon developed for degree 1 symplectic NQ- 



manifolds 25 , 26 should show that presymplectic A^Q-submanifolds of X are in one-to- 



one correspondence with Vi3-Dirac structures of the form Eq. (6.1.4) such that L fl TW 



is an involutive subbundle. Thus the reduction procedure described in this section can 



be interpreted as presymplectic reduction of supermanifolds, as is done in 25 , 26 for the 
reduction of Poisson structures. 

The supergeometric perspective on the reduction of Courant algebroids is developed 



in great generality by Bursztyn, Cattaneo, Mehta and Zambon 12 . 
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Example 6.1.5. Recall from Example 3.4.3 that Bursztyn, Cavalcanti and Gualtieri's 
reduction procedure [T3] for an exact Courant algebroid E defines a V^B-Dirac structure 



L C TE. Proposition 6.1.2 shows that the resulting quotient, 



inherits the structure of a Courant algebroid. (In fact, as mentioned above, the proof of 



Proposition 6.1.2 is just an adaptation of their proof of 13, Theorem 3.3]). 



6.2 Integration of q-Poisson (D, 5)-structures 



There is a one-to-one correspondence between integrable Poisson structures and source- 
simply-connected symplectic groupoids [27|[3H[32|82||123 . q-Poisson 0)-structures (see 
Example 2.2.15) are a slight generalization of Poisson structures, and it is natural to ask 



if they integrate to some generalization of a symplectic groupoid. For the special case of 
q-Poisson {d © 3, DA)-structures, this was accomplished in 66 . In this section, we will 



treat the general case, but first we develop some background. 



6.2.1 A canonical morphism 

Suppose (E, A) is a Manin pair. There are two £^-Manin pairs canonically associated 
to it, (TA^TA^^'P) (cf. Example [sTsI: 



TA TM TA TM © A* 
1 1 c 1 i 
A > M A > M 



and {TE,TA) (cf. Example 5.1.1): 



TA 

1 

TM 



•A TE - 

i ^ I 
M TM 



> E 
i 

M 



Lemma 6.2.1. For any Manin pair {E,A), there is a canonical CA-Courant morphism 




over the restriction of the anchor map a : E — )■ TM to A, such that 

K : {TA.TA^^'P) (TE,TA), 
is a morphism of CA-Manin pairs. 



(6.2.1) 
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Proof. Let P be the Poisson principal ]R[2] bundle corresponding to the Manin pair (E, A), 
as described in 17 109| (or see Remark |2.2.8 ). 

The Poisson structure Tip on P defines an ]R[0, 2]-equivariant morphism of Lie bialge- 
broids vrf, : T*[l, 1]P ^ T[l, 0]P. Therefore, 



Ti^p : r*[l,l]P//oM[0,2] ->T[1,0]P/M[0,2] 
is a morphism of Lie bialgebroids. But 

T*[l,l]P/oM[0,2] = T*[1,1]A[1,0] 



(6.2.2) 



(6.2.3) 



by the Legendre transform. Therefore, (6.2.2 ) is is equivalent to a morphism of £^-Manin 
pairs 



as described in Remark 15.2. II 



□ 



Remark 6.2.1. The global version of Lemma 6.2.1 is explained in 17, § 4.2], following 



16 , 53 . Namely, if the Lie algebroid A integrates to a source simply connected groupoid 



G, then there is a morphism of multiplicative Manin pairs 

(TG,TG) (E,A) X (E,A) 

over (t, s) : G — )■ M X M, where s and t are the source and target maps respectively. 
It will be useful to describe this morphism of £^-Manin pairs in classical terms, which 



we shall do in Proposition 6.2.1 after introducing some new notation in the next section. 



Some vector fields 



For any / G C°°(M), r G r(E), the functions q^jj^jf and (r, ■) are respectively constant 
and linear along the fibres of E. Any section a G r(E) defines two infinitesimal fiows 
Drf^,Trl^ G X(E) on E |T00(|ll3) (see also (l3||5l||52)[lT4)), by 



Drf.-g^/M/ = gE/M(a((x)-/), 



Drf.-(r,-) = (|a,r],-), 



Tri<T -^E/A// = 0' and Trl^ ■ ■) = ?e/a/ ^) • 



(6.2.4) 



/M ^ 



(The notation Drf refers to the Dorfman bracket 35 and Trl refers to fibrewise transla- 
tion). For / G C°^(M), we have 

Trl/a = ql/uf TrU, and Drf/^ = q^/^J Drf^ +{s^*df\ ■) Trl^ -(a, ■) TrU-d/, (6.2.5) 



as can be checked from Definition 2.2.5 and Eqs. 6.2.4 



Lemma 6.2.2. The vector fields Drf,- and Trl,- satisfy the following commutation rela- 
tions 



[Drf,,Drf.] = Drf[,, 



[Trl., Drf, 
for any a,r E r(E). 



Trl 



(Krl-a*d(<7,r» 



[Drf., Trl,] = Trl|.,,] 
[Trl., Trl,] = 



(6.2.6) 
(6.2.7) 
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Proof. Let / G C°°(M) and v eT{E). 

[Drf.,Drf.]((t;,-)+g*/^,/) 



[Drf<„Trl.]((t;,-) + g*/^,/) 



(la, lT,vll-)-{lr, la,vll-) 

+?E/M[a(f^)'a(^)]/ 

(|Ia,rl,t;],-)+g*/,,a([a,r])/ 

DrfKrl((t^,-) +gE/A//) 
Trl[a,r]((t^,-) +gE/M/) 



From this it follows that 

[Trl^,Drf^] = Trl_|^,^] = Trl(|^,^]_a*d(f7,r» • 



And the fact that [Trig., Trl^-] = is immediate from Eqs. 6.2.4 



□ 



The morphism of Manin pairs {TA,TAf^'P) {TE,TA) 
Proposition 6.2.1. The morphism of Manin pairs 

K : (TA,TA-^'*P) (TE,Tv4), 



(6.2.8) 



described in Lemma 6.2.1 is given explicitly by a Dirac structure K C TE x TA with 
support on g^aU' graph of the anchor map a|^ : A — )■ TM . For any a & A, the fibre 
of K at the point (a(a),a) is spanned by the elements 

((a*a)c; (0,a)), and (ctt + tc; (Drf,^ + Trl^, d(o-, |(a(a),a) (6.2.9) 
subject to the requirement (Drfg. + Trl^)|a G TaA. Here a G T*^^-jM, and (T,t ^ r(E). 



Proof. Let K' denote the Dirac structure with support on gr(a) defined in Lemma 6.2.1 



Once a Lagrangian subbundle 5 C E transverse to A has been chosen, the morphisms of 

ebroids 

(6.2.10) 



Manin pairs (6.2.1) and (6.2.8) are both determined by a comorphism of Lie algebroids 

TA^^'P —^TA 



together with the respective Lagrangian subbundles 

TBoK' C TA and TBoK cTA 

transverse to TA'^'*^. 



(6.2.11) 



We first show that K' determines the same comorphism (6.2.10) as K. Let a G T(A). 



For the sake of brevity, we identify a with the degree (0, 1) function (a, ■) on P — )■ A*[0, 1]. 
Let p : T[l, 0]P — > P and p' : T*[l, 1]P — )► P denote the canonical projections. Then the 



pull back of p*a under (6.2.2) is just 



(vrj,) p a = p a, 
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which is identified with the vector field Trl^- by the Legendre transform (6.2.3). Mean- 
while, the degree (0, 1) function p*a is identified with ac G rc(TE,TM). So, we have 

{Ti\,,Q)^K'CJc. (6.2.12) 



On the other hand, the pull back under (6.2.2) of the degree (1,1) function da is the 
Hamiltonian vector field 

{a, ■}^p := {JpYda, 



which under the Legendre transform (6.2.3) is identified with the vector field Drfg.. Mean- 
while the degree (1, 1) function da is identified with ar G Ti(TK,TM), so we have 

{Dif ^, 0) r^K' (TT. (6.2.13) 

It follows from Eqs. ( |6.2.12| ) and ( |6.2.13[ ) that K and K' both define the same 

comorphism of Lie algebroids TA-^^^^ --->■ TA. 

Next we show that TB o K' = TB o K. Choosing the Lagrangian complement 5 C E 
endows A with the structure of a Lie quasi-bialgebroid. This determines the following 
data: 



A trivialization triv : P M[0,2] x A*[0, 1] (cf. |17||109] or Remark |4X5| ) . If t 
is the standard coordinate on M[0,2], let s := triv* t be the corresponding degree 
(0, 2) function on P. 

The degree (0, 1) vector field Q := {s, on A*[0, 1] (see [I7l[l09]). 

A bivector field 11^ on A, which is identified with Q under the Legendre transform 
(|6T3|). Hence 



a,T e V{B) 

f e C^{M),ae V{B) 

f,geC^{M). 



UB{d{a,-),d{T,-)) = {la,Tl-), 
IlB{df,d{a,-)) = -a{a) ■ /, 
UB{df,dg) = 

(See Roytenberg's original paper on quasi-Lie bialgebroids |101| , or [l7| Section 3.2]) 

The function ds : T[l, 0]P/M[0, 2] M[l, 2] trivializes the MP-algebroid T[l, 0]P/M[0, 2] 
and pulls back to 



which is identified with 11^ under the Legendre transform (6.2.3). Therefore 

TBoK' = grn^ := { (n^(a), a) \ a e T*A} C TA. (6.2.15) 

We must calculate TB o K to compare the two. Let pr^ : E — )■ A and pr^ : K ^ B 
denote the two projections along B and A respectively. Then from Eq. (6.2.9) we see 
that for any / G C°^(M), 



Trl 



pr^(a*4f) 



,df) r^K pTB{a*df) 



c- 



(6.2.16a) 



To proceed further, we need the following Lemma. 
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Lemma 6.2.3. For any a G r(E), and any extension of a & A to a section a G r(A), 
the vector field Drfo- + Trl|o-,ai is tangent to A at a. 



Proof. To show this, let r G r(A), then 
(Drf. + Trl[.,,j)(r,-)U 



(|(T, r],a) + (r, (a, a] 

a((T)(r, d) 





In the last line we used the fact that A is a Lagrangian subbundle of E. Since the ideal 
of functions vanishing on A C E is generated by the functions (r, •) for r G r(y4), the 
claim follows. □ 



It follows from Lemma 6.2.3 and (6.2.9) that for any a G T(B) 
(Drf^ + Trlpr3l^,a],d(o-, ■)) c^t + (prB|o-,a]) 



(6.2.16b) 



(Notice that pr^la, a]|gg^jj^(a) does not depend on the extension a G T{A) of a G A). 

Since the right hand side of Eqs. (6.2.16a) and (6.2.16b) are in TB, we may deduce 
that {TB o K)a is spanned by elements of the form 

(-Trlpr^(a.d/),c(f), and (Drf^ + Trlpr^|<^,a], ■)). 

This shows that B o K is the graph of a bivector IIx satisfying 



(6.2.16c) 



UK{d{cr,-),d{T,-)) 
UK{df,d{a,-)) 
Uxidf^dg) 



(Drf. + TrV,[.,,j)(r,-)U = (Ia,rl,a), a,T G T{B) 



-Trlpr^(a.d/)((T, = -a(a) ■ /, 
- Trlpr^(a*4f) dg\a = 0, 



f G C°"(M),(T G T{B) 
f,geC^{M). 



Comparison with Eqs. 6.2.14 shows that Hk = 11^ and thus B o K = B o K\ which 
concludes the proof. □ 



6.2.2 Transfer of data 



Let F — )■ be a Courant algebroid. The Manin pair (TM, TM) is canonically associated 
to the manifold M. Consequently, in a morphism of Manin pairs 



over the map 



K ■ {TM,TM) (F,A) (6.2.17) 
M ^ N, all the interesting information is stored in the morphism K 



itself. However, we can reorganize the information stored in (6.2.17), and replace it with 

(6.2.18) 



gr(0)> 



(F,A). 



The advantage of (6.2.18) is that the morphism P^ is canonically associated to the map 
and the Courant algebroid F (see Section 2.2.3 for details). Therefore, in (6.2.18), all 
the interesting information is stored in the Manin pair {(p'W, i^'|gr(0)). 
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In more detail, assume that d(f) : TM — )■ TN is transverse to the anchor map a : F — t- 



TN. Let (j)'¥ denote the pull-back of F along ( |64|, cf. Definition 2.2.8), and 



9¥ ¥ 



denote the canonically associated Courant morphism over the graph of (p ( [64], cf. Re- 



mark 2.2.8). 



Recall from Remark 2.2.8 that (f)'¥ := C/C , where 

C = SL-\T gi{(f))) C E X TM. 
Since K has support on the graph of (p, 

i^lgrw := K/C^ C 0'F 
is a Dirac structure j65j, Proposition 1.4]. 
Lemma 6.2.4. 



(6.2.19) 



(6.2.20) 



y¥,K 



(F,F) 



(6.2.21) 



is a morphism of Manin pairs. 

Proof. Note, that both conditions ml) and m2) in Definition 2.2.7 make sense for ar- 



bitrary quadratic vector bundles. Thus, we make the following provisional definition: 
Suppose that Ei and E2 are two quadratic vector bundles over Mi and M2, respectively. 
El C El and E2 C E2 are two Lagrangian subbundles. A weak morphism of Manin pairs 

R : {El, El) (E2,E2) 

is a vector bundle relation R : Ei --->• E2, supported on the graph of a map Mi — )■ M2, 
such that 

wml) El n ker(i?) = 0, 

wm2) RoEiC E2. 

Consider the direct product 

/ := Fa X TM C F x F x TM, 

of the diagonal Dirac structure (with support) Fa C F x F and the Dirac structure 



TM C TM (cf. Examples 2.2.10 and 2.2.13). It defines a Courant morphism 



J : F X TM ¥ 

over the projection N x M ^ N. 

Let / := /UxgrW and B = (F x fM)|g,(<^). 

Claim 1. / : (B, K) --->• (F, F) is a weak morphism of Manin pairs 
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First we show that (wml) holds: 

({0} xK)nl = ({0} xK)r] (Fa x TM) = {0} x {K n ({0} X TM)). 

Since K : (TM, TM) {¥, F) is a morphism of Manin pairs, K f] ({0} x TM) = {0}, 
and therefore ({0} x K) (11 = {0}. This shows that (wml) holds. 
Next we show that (wm2) holds: 

I o K = ¥ao K oTM = K o TM. 

Since K : (TM, TM) (F, F) is a morphism of Manin pairs, K o TM C F. Hence 

loK CF, 

which shows that (wm2) holds. 

Let Q : B ^ 0'F be the La grangian relatio n define d by the quotient map C — )■ 
C/C^ =: 0'F, where C C F x TM is given in Eq. ( |6.2.19| ). 

Claim 2. : (0'F, i^r|gi.(<^)) --->■ (M,K) is a weak morphism of Manin pairs. 

Since K is supported on the graph of (p : M ^ N, K (1 C, and hence C*-*" C K. It 
follows that 



Q^oK 



gr(0) 



SO (wm2) holds. Moreover, ker(Q^) = 0, so (wml) holds. 
From Remark 2.2.8, we have P^ = I o . Therefore, 

.(F,T) 



is a weak morphism of Manin pairs. Since P,/, C F x 0'F is also a Dirac structure (with 
support), Eq. (6.2.21) is a morphism of Manin pairs. 

□ 



Remark 6.2.2. In the special case where F is exact. Lemma 6.2.4 
Theorem 3.7]. 



was proven m 



17 



If one wishes to recover the (6.2.17) from (6.2.18), one may use the following lemma: 

Lemma 6.2.5. Let (F, T) he a Manin pair over the manifold N, and let 

K : (TM,TM) (F, T) 

he a morphism of Manin pairs over (p : M ^ N . Then K = o J ^ where is as 
Section 2.2.3 and J := Jk\ is descrihed in Example 



2.2.16 



Proof. Let C = {{x;v,ij,) G F x TM | {d(j)){v) = aif{x)}, where : F ^ TA^ is the 
anchor map. 
Suppose that 
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for X G F and (f , /i) G TM. Suppose that (x; v, fi) E K C C maps to 



while (x; v, 0), (0; 0, /i) G C map to the elements (x; f , 0), (0; 0, /i) G (p'¥. By (2.2.11 ), we 
have 

(^M)) X. (6.2.22) 

Furthermore, 

(x,t;,/i) = (x;t;,0) + (0;0,//). 

But (0; 0, /i) = — a*,pyU (where the minus sign comes from the fact that we are considering 
F X TM and not F x TM). This gives us 

(x; V, 0) = (x, V, n) + a* with (x, v, n) G |gr(^) 



Since a^ijf ((x, f , /x)) = v, by the definition of J := Jki^^^^^ (described in Example 
we have _ 

(w,/i) ~j (x; w,0). 



2.2.16) 



Combining this with (6.2.22), we get 

Therefore K G P^o J, which concludes the proof. □ 
6.2.3 The morphism of Manin pairs {TL.TL^^'p) (t) x rt),t) x 

Let 

L: (TM,TM) (?),0) 



be a morphism of Manin pairs defined by a Dirac structure L C c) x TAf . Then the 
projection D x TM — )■ restricts to L to define a morphism of Lie algebroids 

: L -> 

Proposition 6.2.2. Lei 

L: (TM,TM) (c),0) 



he a morphism of Manin pairs defined by a Dirac structure L C d x TM. Then there is 
a morphism of CA-Manin pairs 

R : (TL, TL^^'P) — ^ {Td x t), x t)), (6.2.23) 

over the Lie algebroid morphism fi : L ^ d, where Td x D is the CA-Courant algebroid 



described in Eq. (5.1.9) 
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Proof. Let : I) x TM ---»■ d be the Courant morphism over the trivial map M — )■ *, 



defined by Eq. (2.2.11). By Lemma 6.2.4 



P,:{dx TM,L) (c),0) 

is a morphism of Manin pairs. Taking the tangent prolongation yields a morphism of 
£^-Manin pairs (cf. Example 5.1.1), 



TP, : {T{d X TM),TL) (T^,T0). 



Let 



Ri : {TL,TLf^'P) {T{d x TM),TL) 

denote the morphism of £^-Manin pairs defined in Lemma |6.2.1[ 
We will be interested in the morphism of £^-Manin pairs 

R := TP, o i?i : {TL,TL^^'p) {TD^Tq). (6.2.24) 

Recall the £^-Courant algebroid TO x 9 associated to the quadratic Lie algebra H in 
Example 5.1.6 TO x is defined as an action Courant algebroid. Therefore if we can 
show that R and /x are compatible with this action, then 



i? X /X : (TL, TL^'^P) {Td xd,Tgx d] 



(6.2.25) 



will be a morphism of Manin pairs. 

More precisely, if (X, a) ~r y for sections (X, a) E r(TL) and y E Td, then we need 
to show that 

fi,X = piy). (6.2.26) 

Here p : Td X(0) is the Lie algebra morphism associated with the natural action of 
Td on the homogeneous space TD/D = d (where D is any Lie group integrating D, cf. 
Example 5.1.6). Thus 

p(er + r/c) =Drf5 + Trl,. 



Recall from Eq. (2.2.11) that the relation TP,, is given by 

{^T + Vc; {X, 0)t + {Y, 0)c) --TP. + Vc 



for ^,1] E d and X,Y E X{M). Meanwhile, by Proposition 6.2.1 , Ri describes the relation 
(Drf(5.(x,a)) + Trl(^.(y,^)), d{{^; (X, a)), ■) + 7) 

i^T + Vc; (X, a)T + (F, P)c + (0, 7)c), 

for 0, X,Y E X(M) and a,/3,7 G n\M). 

Therefore, R describes the relation 

(Drf(5,(x,o)) + Trl(,,(y,^)), d{{^; (X, 0)), ■) - /3) (^r + Vc)- 

Now, on the one hand, p(^T + Vc) = Drf^ + Trl^. On the other hand. 



/i=^(Drf(5;(x,o)) + Trl(^;(y,/3))) = Drf 



+ Trl 



Drfg + Trl^, 
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where fi : d x TM D is the natural projection. Hence Eq. (6.2.26) holds. If follows 
that (6.2.25) is a morphism of Manin pairs. 

Next, we recall that as a Lie algebroid, Td xD is just the cross product of the tangent 
bundle Lie algebroid Td := Td with the Lie algebra d. Since the map /i : L — )■ is a 
morphism of Lie algebroids, and R is a morphism of £^-Manin pairs, the cross product 
R is automatically a morphism of £^-Manin pairs. □ 



6.2.4 Integration corollaries 



From Proposition 6.2.2[ we immediately get the following set of Corollaries. 



Corollary 6.2.1. Let L Gd x TM be the Dirac structure corresponding to a morphism 
of Manin pairs 

{TM,TM) 

and : L d the natural projection. If L integrates to a source simply connected 
groupoid T, then there exists a morphism of Manin pairs 



K: {TV, TV) xD,{q®q)x D), 

where the latter multiplicative Manin pair is described in Example \5.2.^ 



(6.2.27) 



Proof. (6.2.27) follows from Corollary 5.2.1 by integrating the morphism of £^-Manin 
pairs (6.2.23) defined in Proposition 6.2.2 □ 



Corollary 6.2.2. Let ^ d D be a Lie subalgebra transverse to q, and assume that f) 
integrates to a closed subgroup H G D transverse to fi : T ^ D . Let Th := fi~^{H), then 
the restriction of (6.2.27) to Th defines a morphism of multiplicative Manin pairs 

{TTh,TTh) --^ (EI(a_g.,,),F(3_g.^)), 



K\ 



HxFh 



where (EI(5 g.[,), F(3 g.f,)) is the Dirac Lie group described in Example 5.2.2 



Remark 6.2.3. In the special case where f) C c) is a Lagrangian Lie subalgebra, (EI(g g.f,), g.[,)) 
is a Poisson Lie group corresponding to the Manin triple (t),0, [)). Moreover, K\hxTh 
describes a multiplicative Hamiltonian action of the Lie bialgebra, q. In particular, one 
recovers 128, Theorem 6.2]. 

On the other hand, if f) C ^ is a quadratic ideal, then ?) = f)©f),g = f)Ais the 
diagonal subalgebra, and f) = f)©0. So (EI(5_g.(,), F(g g.f,)) is the Cartan Dirac structure (see 
Example 
on r 



2.3.2). Thus, K\hxVh describes a multiplicative quasi-Hamiltonian f)-structure 



10 



14 



16 129 . Thus we recover a result found in 66 



Corollary 6.2.3. Suppose that Q G t) integrates to a closed subgroup G of D, and the 
right action of G on T is free and proper. Then the quotient of (6.2.27) by the right 
action of G defines a morphism of Manin pairs 



(T(r/G),T(r/G)) {d X {D/G),g x {D/G))., 



where 9 x (D/G) is the natural action Courant algebroid. 
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Remark 6.2.4. The Manin pair (d x (D/G),q x (D/G)) was first introduced in 
morphisms of Manin pairs taking values in (d x (D/G),q x (D/G 



In 



15 



17 



108 



were 
Thus, 



studied, and shown to be equivalent to the Hamiltonian spaces described in [3J. 
this result can be interpreted as the analogue of 128, Theorem 6.2] for the case where 
one has a Manin pair rather than a Manin triple. 



Appendix A 



Technical proof for Courant 
algebroids 



We have the following Proposition, which we will use on occasion to define Courant 
algebroids. 

Proposition A. 0.3. Let K ^ M be a vector bundle, a: E — TM be a bundle map, (■, ■) 
a bundle metric on K, and let W C r(E) be a subspace of sections which generates r(E) 
as a C°°{M) module. Suppose that ■} : W ^ W is a bracket which satisfies 

cl) lai, 1^2,^311 = I[ai,a2],a3l + [a,, lar,a,\l 

C2) a(o-i)(o-2,Cr3) = (|cri,cr2l, C^a) + ((72, Io"l,Cr3l), 

c3) [(Ti,(T2] + I(T2,c^il = a*(c?(ai,a2)), 
c6) a([cTi,cT2]) = [a(cTi),a(a2)], 

for any ai G W , and that a o a* =0. Then there is a unique extension of |-,-] to a 
Courant bracket on all c»/r(E). 



Lemma A. 0.6. Suppose the assumptions of Proposition \A.O.^ are satisfied, and for 
some /* G C°^(M), G W , the section f^cji G W (where we use Einstein's summation 
convention) . Then for any a G W , we have 

[a, /V,] = /ia, + (a(a)/>„ and (A.0.1) 
[/V„ a\ = f [a„ a\ - {^{a)f^)a, + (a„ a)a*C- (A.0.2) 

In other words, [■, ■] extends to a unique bilinear map from r(E) xr(E) to r(E) satisfying 
conditions 

c4) Io"i,/cr2l = /Io"i,o"2l + a(cri)(/)o-2; and 

C5) |/ai,(T2] = /|(Ti,(T2l -a((T2)(/)fTl + (di , (T2)a* (d/) 

from Definition 2.2.5\ 
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Proof. Let r be an arbitrary element of W. Then, by (c2), we have 

a(a)(/V„r) = (I(7,/VJ,r) + (/V„ |(7,r]). 
Applying the Leibniz rule and then (c2) to the left hand side, we get 

a(a)(/V„r) = ((a(a)/>„ r) + f a(a)(a„ r) 

= ((a(a)/>„ r) + aj, r) + Ma,, (a, r] 

Taking the difference of these two equations and rearranging, we obtain 

(la, /V,l, r) = (/4a, a,l + (a(a)/>„ r). 



And (A. 0.1) follows since t G W was arbitrary. Finally, (A. 0.2) follows from (A. 0.1) and 
(c3). □ 



Proof of Proposition. Uniqueness follows from Lemma |A.0.6[ It remains to prove that 
the unique extension of |-, ■] to all of r(E) defined in Lemma A. 0.6 satisfies the axioms 
of Definition [2:231 

First we show that (c2) is satisfied for arbitrary sections of E. Indeed let / G C°°{M), 
and a,- G W. Then 



(I/ai,a2],a3) + (a2,[/ai,a3]) 
= (/Icri,o-2l - (a(a2)/)ai + (ai, a2)a*c(f, ag) 

+ (0-2, /[ai, ag] - (a(a3)/)ai + (ai, a3)a*df) 
= (/|ai,a2l,a3) + (a2,/|ai,a3]) 
=/a(ai)(a2,a3) 



(A.0.3a) 



(A.O.Sb) 



where (A. 0.3a) follows by (c5) and (A.O.Sb) follows since (c2) holds for elements of W. 
With similar manipulations, one shows that 

a(ai)(/a2,a3) = (|ai,/a2],a3) + (/a2, [ai, as]). 

Therefore, c2) holds for arbitrary elements a, G r(E). 

Next we show that (c3) holds for arbitrary sections of E. Let / G C°°{M), and 
ai G W. Then, 

I/^i, ^2! + l(J2, /^il =fl(Ti, a2] - (a(a2)/)ai + (ai, a2)a*c(f + /|a2, ai] + (a(a2)/)ai 

(A.0.4a) 

=/a*d(ai, a2) + (ai, a2)a*c(/ (A.0.4b) 
=a*d{fai,a2), 



where (A. 0.4a) follows from (c4) and (c5), and (A. 0.4b) follows since (c3) holds for 
elements of W. 

Finally, we show that (cl) holds for arbitrary sections. As before, let / G C°°(M), 
and ai G W. Then (c4) implies that 

lai, |aj,/afc]] = /[a^, |aj,afc]] + (a(ai)/)|aj, aj + (a(aj)/)|ai, aj + {a{a,i)a{aj)f)ak. 
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(A.0.5) 



Meanwhile, (c4) and (c6) imply 

11^1,^21, Ml = flla^a^la,} + ([a((Ti), a(a2)]/)a3. 

Combining these equations, we get 

Mil - IK, a^l, Ml - 1^2, 1^1, Mil 
=/ki, 1^2,^311 + (a(ai)/) 1^2,(731 + (a(a2)/)|ai,a3l + (a((Ti)a(a2)/)a3 
-/|[ai,a2l,a3l-([a(ai),a(a2)]/V3 

- fl(^2, 1(^1,(^3}} - (a(a2)/)IfTi,CT3l - (a(ai)/)|(T2,fX3l - (a(a2)a(ai)/)(T3 
=/K, 1(72, aall - /IIai,a2l,a3l - /K, ^,^311 
=0 



Where the last line follows since (cl) holds for sections of W. 

Next, suppose ai E W and / G C°°(M). By assumption, we have [a((Ti), a((T2)]/ 
cr2l, SL*df). Since (c2) holds for arbitrary sections of E, we have 

[a((Ti),a((T2)]/ = a((Ti)(a2,a*rf/) - (da, |cri, a*c//l). 

Thus 

(a2, |ai,a*c(/l) = a((Ti)a(a2)/ - [a((Ti), aas]/ = ((T2, a*d(a((Ti)/)). 
Since a2 E W was arbitrary, we have 



[ai,a*rf/l = a*rf(a(ai)/). 



(A.0.6) 



Next we see that 



K, IM, ^3ll - IK, /^2l, ^31 - IM, ^all 

= - [ai, [a3. Mil + ki, Mil + II^i, ^sl, fa2l 

+ a*rf(a(ai)(M,^3) - (I^^i, Ml, ^^3) - (M,K,^3l)) (A.0.7a) 
=0. 

Here the first equality follows by applying (c3) three times, and the first term on line 
(A. 0.7a) follows from (A.0.6). The second equality follows from (A.0.5) and (c2). 
Finally, a similar calculation shows that 

l/ai, 1^2, asjj - Ufa,, a^j, a^j - {a^, (fa,, asjj = 0, 

which concludes the proof. □ 



Appendix B 

Technical proof for double vector 
bundles 



This appendix is devoted to the proof of the following. 



Proposition B.0.4. Let D he a manifold which is canonically identified with the total 
space of two vector bundles over manifolds A C. D and BCD, respectively. We let 

gri+D/A) -.DxD-^D, 
gr(+D/B) :DxD-^D 

denote the graph of the two additions. Let S(i324) : ^ denote the permutation 

■5(1324) '^2, C?3) C?4) = {di, d^, d^) , 

and M — AnB. Then the following are equivalent. 
El ) The following diagram of relations commutes 



gr(S(i324)) 



gr(+D/A)' 



gr(+D/A) 
gr(+i3/B) 



E2) The following diagram is a double vector bundle 

Qd/b 
D B 



Qd/a 




Qb/m 



Qa/m 



(B.0.1) 



(B.0.2) 
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where qB/M ■= {qD/A)\B and qa/m ■= ('?d/b)U- 



E3) The following diagram (the 'diagonal flip' of (B.0.2)) is a double vector bundle 



Qd/a 
D A 



Qd/b 



Qa/m 



B 



Qb/m 



M 



(B.0.3) 



where qb/m := iqD/A)\B and qa/m ■= (gD/B)U- 
Lemma B.0.7. The following are equivalent. 



el) The diagram (B.0.1) of relations commutes. 

e2) gT{+D/A) is a vector subbundle of — )• B^ . 

e3) gr(+£)/B) is a vector subbundle of — t- . 



Proof. Note that el) can also be written as the point-set equahty Eq. (2.5.5). Also 



since the diagram (B.0.1) is symmetric with respect to the interchange of A and B, it is 



sufficient to prove that el) and e2) are equivalent. 

el)^e2) Without loss of generality, we assume that D is connected. Since el) holds, 
it follows that gr(+£)/^) C Z)^ is a subset of the vector bundle — )■ B^, which 
is closed under both addition and subtraction. Since it is also topologically closed 
and connected, it must be a vector subbundle. 

el)<^e2) Since gr(+£i/^) C is a vector subbundle of — )■ 5^, the two additions 
+D/A and +D/B commute, and hence el) holds. 

□ 



Proof of Proposition B.0.4' Since the diagram (B.0.1) is symmetric with respect to the 



interchange of A and B, it is sufficient to show that E1)<;=^E2). 

gr(+D/B) C is a vector sub- 



B.0.7 



E1)^E2) If (B.0.1) commutes, then by Lemma 
bundle of D'^ — A^. Since 

gr(-D/i?) = {{d; di, c?2) | d +d/b d2 = di} C 

is obtained from gr^+o/A) by permuting factors, it is a vector subbundle of — )■ 
A^. Moreover, the diagonal Da <Z D x D is vector subbundle of — )■ A'^. There- 
fore, the composition 

gr(-D/i?) o Da 
is a vector subbundle of D ^ A. But we have the equality 



gr(— d/b) o -Da = {d E D \ d = {d' —d/b d') for some d' G D} = B, 
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which shows that B is a vector subbundle of D A. It is clear that the base space 
of B is just M = An B, the intersection of B with the base space of D ^ A. 

Next, since the diagonal embedding Ad : D ^ D x D, given by d — )■ {d,d) is a 
morphism of vector bundles from D-^Ato — )■ A^, the composition of relations 

gr(-D/ij) o gr(Az)) : D --^ D 

is a Vi3-relation. However 



gr(-D/B) o gr(AD) = gr(OD/B o g^/i?), 

which shows that qo/B '■ D ^ B is a morphism of vector bundles. This concludes 
the proof that (B.0.2) is a double vector bundle. 



E1)<^=E2) This follows directly from Definition 2.4.1 and Lemma B.0.7 



□ 



Appendix C 

Technical proofs for >C^-Courant 
algebroids 



Proposition CO. 5. Suppose that A is an CA-Courant algebroid. Then the map A — t- 
induced by the fibre metric is a morphism of Lie algebroids. 



Proof. Following 44 , we consider the Wehrheim- Woodward category whose objects are 



triple vector bundles, and whose morphisms are relations of triple vector bundles 122 



Suppose that 



T 



E 



A 



C [ > D 

B > F 



M 



R 



r 



A' 



C \ > D' 

B' > F' 



E' 



M' 



is a relation of triple vector bundles. Take the horizontal duals of both T and T', and 
consider the relation R*^ : T*^ --->• T'*^ between them, defined by 

R*- := ann\R) = G T'*- x such that {(3,y) = {a,x) for all {y,x) G R}, 



as in Section 2.1 Thus, as explained by Gracia-Saz and Mackenzie [44], dualizing along 
the X-axis defines an endofunctor *rc on our category. Similarly dualizing along the y and 
z-axes defines endofunctors *y and *z, respectively [44 1. 

The fibrewise metric on A — )■ A defines an isomorphism Q : A ^ A*", which we shall 
prove to be a morphism of Lie algebroids. Applying the functor we get an isomorphism 
Q*x . _^ ^*y*r ^ ^^*x^*r*y*r_ j^q^ ^ ^j^g blvcctor ficU for the double linear Poisson 



structure on A*^ . As explained in Section |2.7.2[ vr also defines the Lie algebroid structure 

M.e. if T 

RCT' xT 



^i.e. if T and T' are triple vector bundles, a morphism i? : T T' is a sub-triple vector bundle 
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on A*'' under the canonical isomorphism A*^*^ = (A*"=)-^'*^. So Q is a morphism of Lie 
algebroids if and only if the following diagram commutes, 



IT" 



where TA is the triple vector bundle 



TA 



TA 



TO*- 



A 



V 



M 



TV 



TM 



(C.0.1) 



Applying *x to (C.0.1) we get 



^~r^{^ *z 



TA 



TQ 



TA*!' 



(C.0.2) 



However, by definition (tt")'^ = IIa, and TQ : TA — > TA*^ is the isomorphism defined by 



the fibrewise metric TA — TA (see Remark 3.4.2). Meanwhile 

((7r»)*-)*" = ann^(nA) = C (TA x TA*-*-*-). 



So (C.0.2) commutes if and only if 



namely IIa ^ TA x TA*-*-*- is Lagrangian. 
Proposition CO. 6. CA-Courant algebroids 



□ 



V 



* 
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over a point are all of the form described in Example 5.1.4\ Thus they are in one-to-one 
correspondence with pairs {q, /3) consisting of a Lie algebra q together with an invariant 
symmetric bilinear form, (3 G 5*^(0)0, on q* . 
Similarly, any CA-Dirac structure 



L 



W 



S X fl 



C 



is of the form described in Example 5.1.4\ for a P-coisotropic Lie subalgebra f) C g. 



Proof. Suppose that 



A > V 



is an £^-Courant algebroid over a point. Then by Proposition 3.1.4 , we see that V = q 
for some Lie algebra g and A = g* x g, where q* is the core of A. Since g* x g is a hnear 
Lie algebroid over q, it must be an action Lie algebroid for an affine action of g* on g 
given by a linear map : — q. 

Let /3 G ® be the element defined by = u). Let p : g — )■ X{q) be the 

map which takes an element of q to the corresponding constant vector field. Then 



TT := (p ® p)(/3) G XiQ) ® X(s) C X'iQ X 0) 



is the bivector field defining the double linear Poisson structure on Ay = 0X0. 



In this case, the map vr^ : T*q x T*q — ?■ T0 x Tg shown in (5.1.4) becomes 



v) ^ * V 



((-(/3tt)>;0,((/3«^);r]) 

' V 



-(/3»)>;0 



> * 



for ^, r/ G and p, z/ G 0* Hence the relation 11 : Tq* x Tq Tg* x Tq depicted in 
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(5.1.5) is given by 

((t;,z/);(/3»/x,r/)) 



((t;,/i);(/3«z/,r^)) 



n 



> * 



> * 



-^ * 



for G and ^,v,v E Q* . Where the pairing is the tangent hft of the canonical pairing 
between q and q* . Thus, 11 is compatible with the pairing if and only if, for any /i, z/ G 0*, 

(((0, 0); (/3V, 0)) , ((0, z/); (0, 0))) = ( ((0, /i); (0, 0)), ((0, 0); (/3»z/, 0))). 

That is, (/S^/i, v) = (/i, /SV). Namely, /3 G g ® is symmetric. 

Similarly, the relation 11 is compatible with the Courant bracket if and only if for any 
1] E Q and z/ G 0*, the Lie bracket 

((0,[r/,z/]);(0,0) 

of ((0, 0); (0, 7])) with ((0, u); (0, 0)) is U related to the Lie bracket 

((0,0);([r7,/3V],0) 

of ((0,0); (0,//)) with ((0, 0); (/3«z/, 0)) . Equivalent ly, /3»[r/, z/] = [r^, /3ttz/], or /3 is g invariant. 
In conclusion, n defines a Courant relation if and only if /3 is symmetric and g invariant. 

Thus there is a one-to-one correspondence between £^-Courant algebroids over a 
point and Lie algebras q together with a symmetric invariant element /3 G (fl ® fl). 



Recall from Proposition 3.1.4 that any Vi3-Dirac structure 



W 



fl X S 



C 



-4 * 



must be of the form L = [) x ann([)) for some Lie subalgebra f) C 0. However, 

f) X ann(f)) — )■ f) 
is a Lie subalgebroid of the action Lie algebroid 

X 0* ^ 

if and only if /3''(ann([))) C [). Thus £^-Dirac structures in A are in one-to-one corre- 
spondence with P-coisotropic Lie subalgebras P) C 0. □ 
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